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Abstract. The local density theory developed by Hohenberg, Kohn and Sham is extended
to the spin polarized case. A spin dependent one-electron potential pertinent to ground
state properties is obtained from calculations of the total energy per electron made with
a ‘bubble’ (or random phase) type of dielectric function. The potential is found to be well
represented by an analytic expression corresponding to a shifted and rescaled spin dependent
Slater potential. To test this potential the momentum dependent spin susceptibility of an
clectron gas is calculated. The results compare favourably with available information
from other calculations and from experiment. The potential obtained in this paper should
be useful for split band calculations of magnetic materials.

1. Introduction

The Hohenberg, Kohn and Sham theory was developed only for the spinless case, except
for a short discussion (Kohn and Sham 1965) of the spin susceptibility for a uniform
electron gas. Recently Stoddart and March (1970) addressed the spin problem by setting
up a density-functional theory of magnetic instabilities in metals primarily aimed at
making contact with and extending the Hubbard model. This theory also represents some
extension of the Hohenberg, Kohn and Sham work towards a full treatment of the spin
polarized case. ‘

We give in the present papert the general theory for the spin polarized case as well
as some approximate results for potentials and spin susceptibilities. First we present an
extension of the Hohenberg and Kohn (1964) paper. It is found that a straightforward
generalization does not work; in the spin case there is no obvious reason to expect a
unique relation between the spin dependent potential and the spin density (in the one-
particle case we can show that there are many potentials which give the same spin
density). We then generalize the Kohn and Sham (1965) discussion of ground state
properties. This leads in a fairly straightforward way to spin dependent effective potentials
and two coupled equations for the two components of the spinor wavefunction. In the
simplest approximation analogous to the one used by Kohn and Sham only ‘spin up
and ‘spin down’ potentials for an electron gas enter. In the Hartree—Fock approximation
the potentials become

V@ = — 4(3p®/4m)'® Ryd (1.1)

1 Preliminary reports of the present work were presented at the Menton (Hedin and Lundqgvist 1972) and
Wildbad (Hedin 1972) conferences.
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where p™ is the density (in atomic units) of electrons with spin o (x is given as + for
‘spin up’ and as — for ‘spin down’ electrons).

As a comparison the Slater (1968a, b) potential is 3 larger just as in the spinless case.
When we include correlation a simple analytical form can no longer be expected for the
potentials. We find however that the numerical results obtained by using the ‘bubble’
approximation, to be discussed later, can be quite accurately represented by the simple
expression

()N 1/3
b = A(p)(z’; ) + B(p) 12)

where p is the total density
p = p'*) 4 pt=) (1.3)

and the potentials 4 and B are given by the same analytical expression as used in the
spinless case by Hedin and Lundqvist (1971).

Given the total density, we thus see that V@ depends on p® in the same way as in the
Hartree—Fock case, we just have a shift (B) and a rescaling. The rescaling is considerable,
at the lower metallic densities the Hartree—Fock result is reduced by almost a factor of
two, and the larger Slater potential by correspondingly more. This weaker dependence
on spin polarization is in accord with general expectations on the réle of correlation
(see eg Wigner 1938, Herring 1966). It is also in accord with results from energy band
calculations using a Slater potential with a constant coefficient, which have shown that
values of this coefficient much smaller than unity are needed to obtain reasonable
agreement with experiment (see eg Wakoh and Yamashita 1966, Connolly 1967 and
Slater 1968a).

In the approximation scheme proposed here, as in that of Kohn and Sham (1965)
no density gradient terms are included. To judge the seriousness of that omission the
g dependent paramagnetic susceptibility was calculated from the proposed potential
and the result compared with that from other more refined calculations and from experi-
ment. The results indicate that it may be possible to neglect the gradient terms in many
applications.

2. Generalization of the Hohenberg and Kohn theory

Hohenberg and Kohn (1964) developed a local density theory for a nondegenerate
ground state based on two fundamental theorems, namely that the ground state wave-
function is a unique functional of the charge density and that there exists a ground state
energy functional which is stationary with respect to variations in the charge density.
These results can be generalized to the spin dependent case by replacing the scalar external
potential w(r) by a spin dependent potential w,,(r) and replacing the charge density
p(r) by the density matrix p_,(r). However in this case there is no obvious one-to-one
correspondence between w_; and p_; (see the Appendix) and we have to slightly modify
the proof by Hohenberg and Kohn to show the unique relationship between the ground
state |¥) and P51).
Consider a hamiltonian written in second quantization as

p2
H = ZJ i) (%) o (r) dr







































