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Phase transitions
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Learning outcomes
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‣ Know how the order parameter can be 
incorporated into a thermodynamic 
theory of phase transitions

‣Understand the general form of the 
free energy function and how it 
changes through the phase transition

‣Derive equations for the temperature-
dependence of the order parameter



Lev Landau

‣ 1908–1968
‣ Russian theoretician
‣Nobel prize 1962
‣ First to identify the role of 

the order parameter and 
to develop a general 
theory of phase transitions
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Role of free energy

‣ The minimum of the free energy 
defines the equilibrium state
‣ Free energy varies with temperature; 

assume that the minimum point also 
changes with temperature
‣Assume we can write the free energy 

as a function of order parameter

4



Free energy for a second-
order phase transition
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Thermodynamic description of displacive phase transitions 

Variation of free energy with order parameter and temperature 

 

Representation of the evolution of the free energy vs. order parameter curves with temperature. The locus of the 

minima of the curves determines the temperature dependence of the order parameter. 

Landau free energy for second order phase transitions 

For a second order phase transition we can expand the Gibbs free energy, G, as a polynomial 

in Q about the value for Q = 0, G0: 

  

G(Q) =G0 +
1

2
aQ

2
+

1

4
bQ

4
+  L

 Terms with odd powers of Q are usually, but not always, absent in the general case, in order to 

preserve the symmetry G(–Q) = G(Q). We will meet cases where this does not hold below, 

but in such cases the phase transition cannot be second order. The equilibrium value of Q is 

that for which G is a minimum, which is expressed as the conditions: 

!G

!Q
= 0  ;  

!
2
G

!Q
2 > 0

 When the coefficients a and b are both positive, G(Q) has a single minimum at Q = 0, so the 

free energy expansion describes the system in the high-symmetry phase as its equilibrium 

state, which is generally the high-temperature phase. On the other hand, when a is negative (b 

still positive) G(Q) has a maximum value at Q = 0 and minima at non-zero values of ±Q, so 

that the equilibrium state of the system is the low symmetry phase. Since the sign of the 

coefficient a determines which phase is stable, we can assume that a changes sign on cooling 

through the transition temperature Tc. The simplest form of a that has this property is  

a! a(T " Tc )

 where a is treated as a positive constant. It is assumed that the coefficient b (and all higher-

order coefficients) have a much weaker temperature dependence such that they can be 



Form of the free energy

‣Assume we can expand G as a power 
series in Q
‣ The condition G(–Q) = G(Q) requires 

that the power series only has even 
powers of Q
‣We will truncate the power series as 

soon as practically possible
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Low temperature
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High temperature
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Guess the form of a(T)
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G = G0 +
1
2
aQ2 +

1
4
bQ4

a > 0 for T > Tc

a < 0 for T < Tc

a(T )

TTc

a(T )⇒ a T − Tc( )



Free energy function
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‣ Final function has the form:

‣Assume the values of the coefficients 
are independent of temperature

G = G0 +
1
2
a T − Tc( )Q2 +

1
4
bQ4



Extreme points
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G = G0 +
1
2
a T − Tc( )Q2 +

1
4
bQ4

∂G
∂Q

= a T − Tc( )Q + bQ3 = 0

⇒ bQ3 = a Tc − T( )Q

‣Obtain the extreme point of G(Q):

‣ Two solutions:
1. Q = 0
2. Q2 = a Tc − T( ) / b



Example of SrTiO3
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tempera ture  dependent.  (We discuss the tempera ture  dependence of the Debye 
Waller factors in §§ 1.3.5 and 1.4.) 

Tile use of scattering techniques to determine secondary order parameters  is 
subject to the same difficulties as those discussed for macroscopic properties. In the 
expansion of the s tructure f~ctor ( F ( K ,  0)>, eqn. (I.2.38), there are not only linear 
terms in Q(qj) but  second-, third-, and higher-order terms. The second-order terms 
will give rise to additional contributions to the scattering with the wave-vector  
conservation conditions given by  A(K) and A(K + 2q~). The intensity arising from 
these diffraction effects caused by the p r imary  order parameters ,  must  be included 
when the ampli tude of the secondary order parameters  are being deduced from the 
intensities measured at  these wave-vector  transfers. Note that ,  whereas the relative 
sizes of the one- and two-phonon terms in the expansion of the polarizability are 
largely unknown, in the ease ofdisplaeive phase transitions these relative amplitudes 
tbr scattering experiments  are given exact ly in terms of the supposedly known 
eigenveetors and scattering lengths. I t  is thereibre possible to separate  these two 
effects at least in principle. This advantage  of diffraction is frequently rather  illusory 
in practice, because the effects of the two-phonon terms in a diffraction experiment  
are usually relatively larger than in the polarizability experiment.  

At strictly orde>disorder  phase transitions, such as the AB alloy, there are only 
linear terms in S(hc) in the expansion of F(K,  ~), eqn. (I.2.43). Consequently the 
interpretat ion of the scattering is simpler in these systems than in the displacive 
materials.  In  the molecular systems, such as NAN02, however, the si tuation is more 
complex because of a coupling between the spin and the displacement variables, so 
tha t  it again becomes difficult to ext rac t  secondary order parameters  reliably. 

There are two experimental  problems in the application of diffraction techniques 
to the determinat ion of order parameters .  First ly Bragg reflections from real crystals 
frequently suffer from extinction effects. At  antiferrodistort ive phase transitions 
close to T~, the new Bragg reflections of  the distorted phase are weak and probably  
not greatly influenced by extinction, as shown (fig. 1.6) by the agreement  between 
results of experiments  on different sizes of crystal; however, as the system is cooled 
extinction will become more and more important .  Ext inct ion provides a particularly 
difficult problem at  ferrodistortive transit ions because the crystal  will usually break 



Thermodynamic interpretation

‣ Separate the free energy into enthalpy 
and entropy terms
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G = G0 +
1
2
a T − Tc( )Q2 +

1
4
bQ4 = G0 + ΔH − TΔS

ΔH = −
1
2
aTcQ

2 +
1
4
bQ4

−TΔS = 1
2
aTQ2 ⇒ ΔS = −

1
2
aQ2

‣ Recall, expansion is around the high-
temperature phase



Heat capacity
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ΔS = −
1
2
aQ2 = −

1
2
a2 Tc − T( ) / b

ΔC = T ∂ΔS
∂T

=
0 for T > Tc
a2

2b
T for T < Tc

⎧
⎨
⎪

⎩⎪



Example of SrTiO3
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I f  we separate  ou t  the term involving the order  pa rame te r  susceptibilities zi(k) 

da(K) 
d ~  

= ( ~ B ( K ) + k B T ~ l F ( K , q s , + k j l ) 1 2 z i ( k ) A ( K + q s i + k ) ,  (I.3.27) 
i k  

where aB(K) represents  the  o ther  terms which produce  a background  scattering.  The  

‣ Small step in heat capacity at the 
phase transition – hard to measure



Free energy for a first-order 
phase transition
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!
"1
= a(T " Tc ) for  T > Tc

!
"1
= 2a(Tc " T ) for  T < Tc

 
Thus ! ! " at T = Tc. 

The excess heat capacity, #C, follows as 

!C = T
"!S

"T

# 

$ 
% 

& 

' 
( = 0  for  T > Tc

!C =
a

2
T

2b
 for  T < Tc

 

with a discontinuity of a2Tc/2b at the transition temperature. 

First order phase transitions 

The Landau free energy can be applied to first order phase transitions when the quartic term is 

negative. We then need to include the next higher term in the free energy expansion so that 

the series expansion of G(Q) converges sensibly, giving 

G(Q) =
1

2
a(T ! Tc )Q

2
!
1

4
bQ

4
+
1

6
cQ

6

                                                                      G 

G(Q) has a single minimum at Q = 0 for T > Tc + b2/4ac. Immediately below this temperature 

G(Q) has three minima, at Q = 0 and at 

Q = ±
b + b2 ! 4ac(T ! Tc )( )

1/ 2

2c

" 

# 

$ 
$ 
$ 

% 

& 

' 
' 
' 

1

2

 
The minima all have equal values of G (i.e. zero) when Q2 = 3b/4c, which occurs at the 

temperature T0: 

 

T > Tc

T < Tc

T = Tc



Free energy function

‣Needs to be extended to sixth order 
with negative quartic term
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G = G0 +
1
2
a T − T0( )Q2 −

1
4
bQ4 +

1
6
cQ6

‣ T0 is not the transition temperature



Extreme points

18

G = G0 +
1
2
a T − T0( )Q2 −

1
4
bQ4 +

1
6
cQ6

∂G
∂Q

= a T − T0( )Q − bQ3 + cQ5 = 0

⇒Q = 0 or Q2 =
b ± b2 − 4ac T − T0( )

2c



Computing Tc
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G −G0 =
1
2
a Tc − T0( )Q2 −

1
4
bQ4 +

1
6
cQ6 = 0

⇒ a Tc − T0( ) − 1
2
bQ2 +

1
3
cQ4 = 0

∂G
∂Q

= a Tc − T0( )Q − bQ3 + cQ5 = 0

⇒ a Tc − T0( ) − bQ2 + cQ4 = 0

‣At T = Tc we have

‣ The jump in the order parameter is
ΔQ2 =

3b
4c



Computing Tc
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a Tc − T0( ) − bQ2 + cQ4 = 0

⇒ a Tc − T0( ) − b 3b
4c

+ c 3b
4c

⎛
⎝⎜

⎞
⎠⎟
2

= 0

Tc = T0 +
3b2

16ac

 

 

 

!
"1
= a(T " Tc ) for  T > Tc

!
"1
= 2a(Tc " T ) for  T < Tc

 
Thus ! ! " at T = Tc. 

The excess heat capacity, #C, follows as 

!C = T
"!S

"T
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a

2
T
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 for  T < Tc

 

with a discontinuity of a2Tc/2b at the transition temperature. 

First order phase transitions 

The Landau free energy can be applied to first order phase transitions when the quartic term is 

negative. We then need to include the next higher term in the free energy expansion so that 

the series expansion of G(Q) converges sensibly, giving 
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G(Q) has a single minimum at Q = 0 for T > Tc + b2/4ac. Immediately below this temperature 

G(Q) has three minima, at Q = 0 and at 

Q = ±
b + b2 ! 4ac(T ! Tc )( )
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The minima all have equal values of G (i.e. zero) when Q2 = 3b/4c, which occurs at the 

temperature T0: 

 



Latent heat at Tc
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ΔH = −
1
2
aT0Q

2 −
1
4
bQ4 +

1
6
cQ6

= −
3abTc
8c

= −
aTc
2

ΔQ2

The existence of a latent heat at a first-
order phase transition is often said to 
be the defining feature of a first-order 
phase transition



Ehrenfest categorisation

‣ First order:

‣ Second order:

‣ Third order:
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∂G
∂T T =Tc

≠ 0⇒ ΔS,ΔH ≠ 0

∂2G
∂T 2

T =Tc

≠ 0⇒ ΔC ≠ 0

∂3G
∂T 3

T =Tc

≠ 0

Idea is to categorise a phase transition 
by the first differential that is not zero



Tricritical phase transitions

b > 0: Second-order

b < 0: First-order

b ~ 0: Tricritical
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G = G0 +
1
2
a T − T0( )Q2 +

1
4
bQ4 +

1
6
cQ6

G = G0 +
1
2
a T − T0( )Q2 +

1
6
cQ6



Order parameter
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G = G0 +
1
2
a T − Tc( )Q2 +

1
6
cQ6

∂G
∂Q

= a T − Tc( )Q + cQ5 = 0

⇒ Q =
a
c
Tc − T( )⎛

⎝⎜
⎞
⎠⎟
1/4

‣Order parameter

‣ Entropy

ΔS = −
1
2
aQ2 = −

1
2

a3

c
Tc − T( )⎛

⎝⎜
⎞
⎠⎟

1/2



Heat capacity
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ΔS = −
1
2
aQ2 = −

1
2

a3

c
Tc − T( )⎛

⎝⎜
⎞
⎠⎟

1/2

ΔC = T ∂ΔS
∂T

=
1
4

a3

c
T Tc − T( )−1/2



Example
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3.2. Komada-Westrum + Landau Cp model

Modelling Cp behaviour, as given above, is not a simple
matter. This is because of model assumptions associated
with the treatment of Cp data in the temperature region of
the phase transitions. It is, a priori, not known at which
temperature heat-capacity effects related to the phase tran-
sition cease, especially at temperatures below the phase

transition. This temperature might range from!40 to !70
K (Fig. 2) based on dCp/dT behaviour, which is constant
and similar for both hemimorphite and Zn4Si2O7(OH)2.
We chose 50 K as the lower temperature limit at which
Cp behaviour is not affected by the phase transition. We
stress, though, that the modelled thermodynamic proper-
ties depend on this lower temperature cut-off value. If a
higher temperature would be taken, the ‘‘base-line’’ model
Cp values in the region of the phase transition would be
slightly larger. Consequently, !Cp would decrease in
value and, thus, also !HTr and !STr.

To circumvent this problem, we adopted the model
procedure described by Carpenter et al. (1998) in their
treatment of the a-b phase transition in quartz. We apply
it here to describe the Cp behaviour of hemimorphite
and Zn4Si2O7(OH)2. In the case of a- and b-quartz, the
Cp data for high-temperature b-quartz were fitted to the
polynomial Cp ¼ !þ " $ T þ # $ T2 þ $ $ T3 and this
polynominal was used to extrapolate Cp into the low-tem-
perature a-quartz stability field. The excess heat capacity,
!Cp ¼ Cexp; low%T

p % Cextrapolated; high%T
p , is obtained as the

difference between the experimental Cp values for the low-
T phase and the extrapolated Cp values from the high-T
phase. These data can then be fit to a Landau model.

In our case, we chose to describe the Cp data for the high-
T structures of both hemimorphite and Zn4Si2O7(OH)2
using the single parameter phonon-dispersion model of
Komada & Westrum (1997 – abbreviated as KW). A key
feature of the KW-model is that, analogous to Debye
theory, a characteristic temperature, i.e. %KW, is intro-
duced and heat capacity is expressed as a function of

Table 3. Phase-transition properties of hemimorphite and Zn4Si2O7(OH)2.

Hemimorphite Zn4Si2O7(OH)2

DESþsplinea KWþLandaub DESþsplinea KWþLandaub

I II I II

Prominent l-anomaly
Tc [K] 101.8 101.8 101.8 86.3 86.3 86.3
!T [K] 0.55 0.28
Ttr [K] 102.35 86.58
ac [J/mol$K] 14.6(14) 12.5(8)
!HTr

d [J/mol] 384(10) 453(12) 494(13) 276(7) 342(10) 360(11)
!STr

d [J/mol$K] 4.3(1) 7.0(2) 7.3(3) 3.5(1) 6.1(2) 6.3(2)

Weak anomaly at !40 K
!HTr [J/mol] 86(3)
!STr [J/mol$K] 1.8(1)

aProperties in this column are based on fits to the experimental Cp using Debye-, Einstein- und Schottky
functions for data outside the phase-transition regions, and cubic splines to fit the Cp anomalies in these regions.
bProperties in this column use the Komada-Westrum model for extrapolating heat capacities of the high-
temperature phase into the stability field of the low-temperature phase, combined with a Landau model for
!Cp (Equation (9) for values in column labeled I, Equation(13) for values in column labeled II).
cParameter a of the tricritical expression for !Cp (Equation 13 of text).
d!Htr and !Str are the change in enthalpy and entropy, respectively, defined as the integrals

R
!CpdT and asR

ð!Cp=TÞdT , where!Cp is the excess heat capacity of the transition, and the integration is performed over the
T-range with !Cp . 0.

Fig. 5. Experimental heat capacity for hemimorphite (squares) and
Zn4Si2O7(OH)2 (triangles) in the temperature region of their
respective phase transitions. Interpolated heat capacity (dashed
lines) is based on Equation (1). It is obtained by modelling heat-
capacity behaviour outside the transitions with Debye, Einstein and
Schottky functions (DES þ spline approach). The solid line is the
sum Ceq:ð1Þ

p þ!Cp, i.e. the sum of the DES-fit þ cubic spline
fit to !Cp.
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The term (T/!Cp)
2 is thus equal to:

T
!Cp

! "2

¼ 4b2 þ 16acTc
a4

# 16c
a3

T

¼ 4ðb2 # 4acðTtr # TcÞÞ
a4

# 16c
a3

ðTtr # TÞ: ð8Þ

Equation (8) should yield a straight line when plotted
against T with a slope of k ¼ #16c/a3 and an intercept
given by d¼ (4b2þ16acTc)/a

4 (the second term is identical
to Equation (9.13) of Salje, 1990). From this linear fit,!Cp

can be calculated via:

!Cp ¼
Tffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kT þ d
p ¼ a2T

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 # 4ac T # Tcð Þ

p : (9)

As discussed by Salje (1990), the type of a phase transi-
tion as tricritical or second-order can be determined by
such an analysis. For a second-order phase transition, the
temperature-dependent term vanishes (i.e., c¼ 0), whereas
for a tricritical transition the term Ttr#Tc tends to zero.
A linear fit to the function (T/!Cp)

2 for hemimorphite at
T . 70 K (Fig. 7) yields:

ðT=!CpÞ2 ¼ 729:9ð4Þ # 7:118ð4Þ & T (10)

with R2 ¼ 0.9997. That for Zn4Si2O7(OH)2 at T . 15 K
gives:

ðT=!CpÞ2 ¼ 697:0ð5Þ # 8:043ð6Þ & T (11)

with R2 ¼ 0.9993.

For hemimorphite a linear relationship holds between
50 K and the transition temperature of 101.8 K. (T/!Cp)

2

behaviour in the range '10–30 K also falls on the
line given by Equation (10), whereas behaviour from
'30–50 K deviates to lower values and that at T , 10 K
to successively higher values (Fig. 7). For Zn4Si2O7(OH)2,
a linear relationship between (T/!Cp)

2 and temperature is
observed down to'20 K (Fig. 7). Thus, its!Cp behaviour
can be described well by a Landau model except at very
low temperatures.

The temperature difference, !T ¼ Ttr#Tc, from the
linear fits and the experimental temperature Tc, can be
calculated from the relation:

!T ¼ Ttr # Tc ¼
3b2

16ac
¼ # 3

4

! "
d þ Tck

k

! "
(12)

The corresponding values are given in Table 3. They
are 0.55 K for hemimorphite and 0.28 K for
Zn4Si2O7(OH)2. The phase transition in both phases is, in
principal, first order in character, but it is close to tricriti-
cal. This is because (T/!Cp)

2 versus T behaviour is non
zero (Fig. 7) and !T is small. This means, for instance,
that there will be only a minor jump in the order parameter,
Q, at Ttr, and little latent heat. An evaluation of the
integrals

R Ttr
0 !CpdT and

R Ttr
0 ð!Cp=TÞdT yields the

following values for the enthalpy and entropy of transition:
!Htr ¼ 453 ( 12 J/mol and !Str ¼ 7.0 ( 0.2 J/mol&K
for hemimorphite and !Htr ¼ 342 ( 10 J/mol and !Str ¼
6.1 ( 0.2 J/mol&K for Zn4Si2O7(OH)2. These values
are larger compared to those obtained in the Debye-
Einstein-Schottky þ spline Cp model but are not far apart
(see Table 3).

Calculated !Cp values for hemimorphite and
Zn4Si2O7(OH)2, based on Equation (9) and the linear
fits given by Equations (10) and (11), are shown in
Fig. 8. The model values agree well with the experimental
data, except for a small temperature region around'40 K
in the case of hemimorphite. Here, the !Cp values are
slightly larger than those given by the Landau model and
they are possibly related to a second weak phase transi-
tion (see below).

3.3. Applying Landau expressions for a tricritical
transition

Because the phase transitions in hemimorphite and
Zn4Si2O7(OH)2 are close to a tricritical point, we have
also modelled !Cp by the tricritical expression (e.g.,
Putnis, 1992):

!Cp ¼
aT

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TcðTc # TÞ

p (13)

Fig. 8. Behaviour of !Cp for hemimorphite and Zn4Si2O7(OH)2,
where !Cp is the excess heat capacity of the phase transition. Lines
represent a Landau-model fit to the data (Equations 9–11 in text).
Note that the data for hemimorphite around'40 K are not fit well by
the model. Error bars are 1!.
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Summary
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‣Described a free energy function that 
describes first and second-order phase 
transitions

‣ Seen how minimisation of the free 
energy leads to temperature-
dependence of the order parameter

‣Computed properties such as heat 
capacity associated with the phase 
transition


