6.2 Green’s Function Method

Let ¢;" and ¢; denote creation and annihilation operators for electrons in state .
The index j stands for any set of quantum numbers that characterizes the
electron. For example, it may stand for the momentum vector p and spin o, for g
site index i and spin g, or for a MO index, depending on the problem. The time
evolution of these operators in the Heisenberg representation is described by
idef /dt = [¢f ,H]_ or

CJ:I- (t) — eiHer-lr e~ iHt |
= eiltc, (6.2.1)

Here H is the Hamiltonian of the system and L is the Liouville operator
- associated with H, see (5.1.4). The Green’s function G;(¢t — t') is defined as

Gyt = 1) = —iYB I T(c(t)c; ()WY . (6.2.2)

where [{)> denotes the (exact) ground state of the N-electron system. T is a
time-ordering operator; it orders products of time-dependent operators by
placing operators with the larger time argument to the left of those with the
smaller time argument. The overall sign depends on the number of permutations
‘required to achieve time order. For the operator product in (6.2.2), this implies

a®c ('), t>r,
- (), t<t.

T{e;(D)cf (t) = { (6.2.3)
One notices that the Green’s function is the probability émplitude of finding an
electron in state i at time t, when at time ¢’ an electron in state j has been added
to the ground state. It describes electron propagation for t >t and hole
propagation for ¢t < ¢', '



A very useful representation of the Green’s function appears in the form of
spectral densities (Lehmann representation). For that purpose one writes (6.2.2)

by means of (6.2.1) in the form

ST e N e e >0,

G(t) =
iy QY e B YN YR e [yl de B, 1< 0.
(6.2.4)

The [y¥*1) and [y 1) denote eigenstate of the (N + 1)- and (N — 1)-electron
systems, respectively. Their corresponding energies are EN*1 and EY ', while

EY is the ground-state energy of the N-electron system. If we introduce the -
electron affinities

A=V~ EY | | (62.59)
and the electron ionization potentials |
I,=EY"!' - E, (6.2.5b)

one can write (6.2.4) in the form

—i;<t!f3’lcilt/f.,”“><¢n”“Ic,-*lxb§>e"“*‘", t>0, |
G0 = . | | (6.2.6)
1; <"hglcfl‘/’g-l'><\/’g_l FARADY t<0.

The Fourier transform of the Green’s function is

- + o0 '

G;j(w) = _j dte' G, (t) (6.2.7)
and if we resort to the form (6.2.6) we obtain the desired spectral representation

Aoy — & _(moF () Bi(m) 5 (m)
G = A T R w g, —in

=[P + Y. 6P (w) . . (6.2.8)




The following notation has been introduced:
() = e D
Bilm) = (Y He:lyo > - | (6.2.9)
The positive, infinitesimal number 4 enéures the correct analytic properties of

G;(w). For systems with a large number of electrons N (e.g., solids), it is
advantageous to introduce the chemical potential

p= EN*' — E¥ ~ EY — E§1.  (6.2.10)
Here A, and I, are written as ' '
A, =p+6ENTE, I,=—pu+dE"", (6.2.11)

where SEN*1, SEN~1 > 0 denote the excitation energies of the (N + 1)- and
(N — 1)-electron systems ‘respectively. For practical purposes we measure the
energy o from y, from now on.

The spectral representation of G(w) shows that the Green’s function always
represents an analytic function in the w plane except on the real axis. Therefore,
it can be constructed from two analytic functions G(w) (retarded Green’s
function) and G#j(w) (advanced Green’s function), so that it coincides with G(w)
in the upper w half-plane and with G{j(w) in the lower half-plane. That is

R

Go(®) = {Gz(a)), Im{w} >0,

: Gi(w), Im{w}<O.

The corresponding time-dependent functions G{t — t') and Gfj(t — t') are given
by

GR(t — 1) = —i0(t — )W ee) ¢ )]+ WAy |
Ghle — 1) =100 — D). ¢ )T . (62.13)

where 0(x) is the step function, ie., 6(x) = { for x > 0 and zero otherwise. The
proof of (6.2.12, 13) can be found in many textbooks (see for example [6.5, 61)
and is not repeated here.

(62.12)



For a determination of the G5 (t — t'), we have to know their equations of
motion;

R N i ¢ (i
-Gt — 1) = — i {0(t = )W [ei0) ¢f (0T WA}

—i6(¢ — )<Yo Le:d), ¢f O]+ W5 >
— 00 — )<Yo | Lle®), H]-, ¢ ()] WG > - (6.2.14)

A similar equation can be derived for d[ G/ £(t — t'Y]/dt. The two equations can
be used to derive an equation of motion for G;;(w). Taking the Fourier
transforms of G{*)(t — ¢') and using (6.2.12), one obtains

' CUGij(CU) = w{c;; Cf Do
= Yollci ¢ 1o g > + Le H1-5 ¢ Do - (6.2.15)

This relation can also be directly derived from (6.2.2) by differentiation. The
notation G(w) = {c;; ¢; »,, is rather common and will be used repeatedly in
the dlscussmn below. The last term on the right-hand side couples the Green’s
function G;;(w) to higher-order Green’s functions, something easily demon—
strated if we select for H a spemﬁc form like

H=) ticipc + UZ e el | (6.2.16)
ijo .
(Hubbard Hamiltonian). The spin indices are explicltly shown for convenience.
- One may verify immediately that -

[¢o, H]- = Ztucﬂ,-{- Uci,CiuCiey . , (6.2.17)

‘Therefore {c;,; ¢}, D, is coupled to {c;,cit ,¢;—y; ¢t D, This feature appears
again in the derivation of the equation of motion for ¢, ¢ ,¢;—,; ¢f Y, Thus,
in order to obtain a closed set of equations, one has to terminate the coupling to

higher-order Green’s functions by a decoupling approximation. We can achieve
this by factorizing higher-order Green’s functions.

The definitions (6.2.2) and (6.2.13) of the Green's functions G, GR, and G* can
be generalized if we replace c;(t) and ¢; (t) with any pair of fermion operators
A(t) and B(z), thus making all relations (6.2.4-15) hold accordingly. The equa-
tion of motion, in particular, will take the form

w{A; By, = <Y5|[4, Bl 5> + [4,H]_; BY, . - (6.2.18)



For a noninteracting electron gas, the Hamiltonian is

p2
Ho =Y, (—ﬁ - u)c;cw : (6.2.19)
pF

In order to compute the Green’s function, one sets i = (p, o) and finds

[ci Hol- = [¢pes Hol- = (p?/2m — p)c,, - (6.2.20)

* From (6.2.15) it follows that

wG{)(c)f},p’a'(w) = 5pp’ 500‘ + (p2/2m - lu) Gi)(zr), p'c’ (O)) (62213)
Therefore, '

' 1

GO (p,w) = (6.2.21b)

o — {p*2m — ) + insgne

The imaginary part of this function is in accordance with (6.2.8). The poles of
GO (p, w) define the excitation energies of the system. They determine the
oscillations of the Fourier transform G'* (p, ¢). In the present case the poles are
w = p*2m — p.

For an infinite system of interacting electrons, the spectral representation of
the Green’s function (6.2.8) takes the form

A(p, o B(p, o'
o) . Bleo) ) - (6.2.22)
w—w -+ 0+o —1y

G(p, ) = Idg)'(
with
A, @) = Y IV et WS Y 128(w — SEN*Y),

B(p, ) = Y [<¢m " e Y3 D28 — SEZTT) . (6.2.23)

We can also present G(p, ) in terms of a self-energy or mass operator
2 (p, ). The following form holds:

. I ,
GO0 = o m— ) - 2 0) '

which can be understood by starting from (6.2.15). With H = H, + H, and H,

(6.2.24)




given by (6.2.19), one obtains

2

G)G(p, C()) =1+ (%1_ - M)G(ps w) + <<[cpa’ Hl]—; c[:r>>co . (6225)

We can define the mass operator X tp, w) by formally setting

<<[Cpa’ Hl]-—; C;a>>w = E(pa (U)G(p, CO) . (6226)

Equation (6.2.25) can then be written in the form G = G, + G, ZG with G, given
by (6.2.21). The formal solution of this equation is (6.2.24).
The excitations of the system are given by

2
w=2 _ 1 y3p . (6.2.27)
2m ‘ _

For “normal” Fermi systems, which excludes for example superconductors, one
can expand the self-energy around the energy w =0, ie.,

Z0.0) = 2(0,0) + 0

(6.2.28)

w=0

For energies close to the Fermi energy, one can write the Green’s function in the
form

G(p,w) = + Gine(p, ©) , : {6.2.29)

W — &, - iy,sgnw
where G,,.(p, @) is the incoherent part. The renormalization constant Z is

1

Z = s e (6.2.30)
The energies | , ‘
gy = Z(p*/2m — p + Z(p, 0))
~ 0¥ (p — py) | (6231

and

Y Z Im{Z(p, &,) }sgne, | (6.2.32)



p = ZIm{Z(p, ¢,)}sgne, ‘ (6.2.32)

are the real and imaginary parts of the excitation energies of the system. It turns
out that for a normal Fermi system y, ~ (p — pe)?, see Sect. 10.1. As the Fermi
energy is approached, the imaginary part of the excitation energy vanishes faster
than the real part. Because of the small damping the excitations close to the
Fermi energy —called quasiparticles—are well defined. Fheir velocity v differs
from the “bare” Fermi velocity vg = pg/m by the renormalization constant Z.
The latter defines the residue of the pole of (6.2.29) and describes the weight of

the “bare” electron in the quasiparticle. The incoherent part G, (p, @) in (6.2.29)
is well behaved near the Fermi energy, having branch cuts as a function of w, but
no poles. The concept of quasiparticles, originally introduced by Landau, is
discussed in more detail in Sect. 10.1.

~ The approximate computation of the self-energy X(p, w) proves to be a
central problem in solid-state theory. We can tackle it by applying either
perturbation expansions with respect to the electron interaction Hamiltonian
H, or projection techniques. We can also evaluate Z(p, w) if we start from the
equations of motion (6.2.15) and terminate the series of equations, for example
by factorization. We will discuss this last method together with the projection
technique because they are related methods.



Peter Fulde

Electron Correlations
in Molecules and Solids

With 127 Figures

Springer-Verlag

Berlin Heidelberg New York
London Paris Tokyo

Hong Kong Barcelona
Budapest



