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1 Review of second quantization for electrons

a. Field operators

Consider a system of electrons, or more generally of dentical fopmions having
spin é . By definition, the creation operator &La creates (and the annihilation
operator &y, annihilates) a particle of momentum %k and spin o (T or J). If |0}
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1‘”@.&&&5’/ & o [0) = ko) with |ko) = |k} o} (1)

The field operators 'q'),,(r) and y’)f (r) are defined as

Bo@) = 3 (1lk) b = 5Ty,
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Pl(r) = Z(k|r) d = V% Z eikrgl
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We have used fiormalization in a finite box of volume V.)From (1) and (3}, it
follows that 1] (r) creates a particle of spin ¢ at point r, or %}, (r) |0) = [ro).
The anticommutation relaticns =

akaék'a'. + ék’cr’él-(a =0 &LoéLaf + Ckl :CLJ =0 (4)

ak06T gt T ai- kg = akk’aaa’ (5)
k'o kKo

imply, in particular, that (cko) = (} and (cka) =0, meanlng that it is im-

possible to have two particles, or two holes, with the same spin and momentum.
Thus the exclusion principle is built into the relations (4).
From eqs. (2)-(5) it follows that

Do (Yo (') + Por(r') Po(r) = 0 Py () + @g,(r’i:af(r) =0 (6)

B WL + L (e) = 80e 5 N (o)
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b. Density and density fluctuation operators

%perators of interest can be expressed in terms of P, (r) and 1{3}; {r), or -

equivalently in terms of &, and é{w. When an operator i ressed in terms of
the field operators, it is g@'_@_hg_iw,udﬂmmm“ﬁere is a general
prescription for deing so, but often one can guess what the second-quantized
form of a familiar operator should be, and then confirm the guess by checking
that it gives all the correct matrix elements for a complete set of states. It
is instructive to work out explicitly gome of the cases of interest to us. For
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instance, we reasonably guess that the second-quantized form of the number

density operator will be —
L

e guess 50 - R0 —y X el a, @

s % 50Cr) ke :
To confirm our guess, w& compare Hr} with the usnal number density operator
for an N-particle system: S , A
G- "nﬂ)

7 ‘- ) N ¥ "1" “""“""’ﬁ
~---}>-— plE1, . By r) Zzseﬁr(r—ﬂ.) (9)
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where 7, is the position operator for the a-th particle. We show below that, for
a system containing N particles, j(r) is equivalent to B(t1, ., By 1).

Proof of the equivalence between (6) andg (7) -
Instead of working with p(r) , we introduce its Fourier transform, the density

n fluctvation operator cany i
dewsty ) . r ) N '
e Pq= [ dre " j(r) = Cx—qo Cko (10)
VY HAS o d
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which will be useful later. Analogously, we define
‘ N
ﬁq(f'ly--:f'N) :fd3re~=q»r ﬁ(f‘l;"!fN;r) :Ze’lq-ra (11)
-~ a=1

The effect of j, on a state describing N free particles is to produce the
sum of all possible states in which the momentum of one of the particles has
been decreased by hq. Clearly the operator (11} has precisely the same effect.
But any state can be written as a linear combination of free-particle states.
Therefore, for N particles, the two operators are equivalent. Since the second-
quantized form (10) is valid for all N, it ercompasses all the operators (11)
{each of which is restricted to a specific N). :

We will in the following use an equal sign to denote this type of equivalence
between an operator and its second-quantized form. However, as we see from
the above example, the second: guantized form of an operator applies to systems
with any number of particles. Often it is convenient to comsider a varianble
Jumber of particles; for instance, it is advantageous to do statistical physigs in
the grand canonical ensemble, In these cases the second-quantized formalism is
the natural one.

The operator that gives the total number of particles is
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Note that N is the same as jq for g = 0 and that, more generally, gy is
dimensionless, while p(r) has dimensions of inverse volume.

c. External potential energy and kinetic energy operators

. ~yre
In an external potential U(r), the potential energy is "im.,[—m f:b‘*ew&‘rﬁl
. N 1 . '
0= [ @) o) =5 U@ b (13)
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with
Uk) = f d’rU(r)e ™" (14) ’LLG(«,«')) 3 0.

The kinetic energy can obviously be written

. K2E2
k=Y &l o (15)
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Using the inverse of eq. (2),
o =V [ rdy e (16)
we also have V‘Z (I.g ﬂdslprIVck)
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d. Interaction potential energy operator

We start from

V= Z V (g, tg) = —; [Z V{fa.B3) — Z V(i ,fa)] =
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Using the last of the anticommutation relations {??) we find

V = -% fd3rd3rf ;qﬁz(r)'&l'{ﬂ)ﬁa(r)lﬁaf( ’)V(r,r') (19)
and finally, using again anticommutation, )
. 33 '{‘ +a
V=3 fd3rd3 DI (r)ib,,:(,\ ' Vo (x' Vo, (£)V (r, ') (20) k@f@
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To express V in terms of & and &' operators insert

b (r) {VZ e b ) =2 Db

kl
Suppose now that ¥{r,r’) depends only on r — r’. Put
1 1
- = "R = 21
r=R+ 59 r=R 58 (21)

or R=%(r—|—r’) s=r—1

We can check that d®rd®r’ = d®Rd®s. The integral over R gives

fd-"Re*'(k“‘"P‘P’)'R = V1w —p—p’

This means that, if we put p = k + q, the sum over p’ reduces to the term

p’ =k’ — q. We obtain then g: mom P/M;'?'U-'PV(
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where

V(g) = / d®s e7BY(g),

e. Equations of motion

The evolution of any operator O is of conrse given by the Heisenberg equation e . HJ
4 ¢ e
180 18t = O — 110 ik - [Cg)
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If the Hamiltonian H is of the general form (from Egs. (13), (17), and (18)
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where V(r,r') is the interparticle potential and U(r) is the external potential,
the Heisenberg equation for ¢, (r) takes the form

RO, (r,t)/ 0% ='—(h2/2m)v21,30 (r,t)+ f ' OV (x, ' Yoo (1,8) + U (2) o (T, £)

Amazi this looks jus

Yo(r,t) is a field opeato, n a ave funci d ‘the effective potential
f @' ¥(r'}W(r,v') depends non-linearly on 9,(r).
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ike the one-particle Schrédinger equation, although

f. The particle current and the continuity equation
Using eq. (25) and its Hermitian conjugate equation for ¥ (r, ¢), we obtain,
as in elementary quantum mechanics:

ih85/0t = — (12 /2m) Y VP o — $hI974,)
= —(r%2m)) V. ([Vxﬁf,]fﬁa — BV E,])

If we define the current density operator as

3(e,t) = Gry2m) Y (VB (e, 601 (x,8) — B (x, )V (x, )] )
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we obtain

A
£
qi)oi+v-i=0. (24)

Since p(r,£) = {p(r,t)) and J{r,t} = <j(r,t)> , where the expectation value
is taken over any initial state or ensemble of states, we have established the
continuity equation 8p/8t + V - J = 0 under the most general conditions.
The current density fluctuation operator, analogously to eq. (9), is
; P W S IR e et ]
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In particular, for q = 0, we have the total current

Jo = f Pri() = (hk/m)s} txiqo
ko

Reference: G. Mahan, Many-particle Physics, Section 1.2.
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