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Quantum scattering: partial wave analysis

Reference: Griffiths, David J. (2005), Introduction to Quantum Mechanics, 2nd Edi-

tion; Pearson Education — Problems 11.3-11.4.

For spherically symmetric potentials, the general solution to the Schrodinger equa-

tion for the scattering problem has the form

Jikr
U (r.0)=A (t'ikz-i-f (9)( ) (1)

where f is the scattering amplitude. The first term on the RHS represents the inci-
dent plane wave, and the second term on the RHS represents the scattered wave.
One way of finding f is partial wave analysis, which Griffiths describes in detail in
his section 11.2, so I won’t repeat the whole derivation here. It is worth, however,

giving an overview of the technique to highlight the main concepts.

The main idea is to use the solution of the three-dimensional Schrodinger equation
for a spherically symmetric potential that we considered earlier. The solution splits
into two factors: a spherical harmonic ¥ (¢. ¢) that depends only on the angular co-
ordinates and is independent of the potential, and a radial function z(r) that de-

pends only on the radial coordinate and does depend on the potential. The function

u(r) = rR (r) satisfies the radial equation

2m dr? 2m  r?

h? d?u N <‘,+ R (1 + 1))

In the region far from the target, where v is very small, we can neglect the poten-

tial term and get the equation
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R v R2U(1+1)

2m dr? 2m 2

u=FEu (3)

This ODE can be solved in general using Hankel functions, and if we restrict our
attention only to outgoing waves (since we're considering only particles scattering

outwards from the target), we end up with an overall wave function of

v (r.0) = . {¢~*’*"+1.-§:i‘“ (21+l)a,h;"”’(/.-r)P,(mqe)} (4)

=0

where

the Hankel function of the first kind is defined by

hY (x) = ji (x) + ing () (6)

(with j and = being spherical Bessel functions), and the £ being Legendre polyno-
mials. The coefficients @ are what must be calculated for the particular potential

being used.

For large r (far from the target), we can use the asymptotic forms of the a{" (kr)

which are

. Jikr
B (kr) ~ (=i — (7)

so in this region the wave function becomes

e
=

I
(¢

(21 + 1) a; P, (cos 6) (9)
1

Il
o

so we get an explicit formula for the scattering amplitude .

The differential cross-section is given by a rather ugly formula:
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D) = —=|f(6)* (10)

= (20 +1) (20" + 1) agar P (cos @) Py (cos®)  (11)
=0 ¥—0

Integrating this over solid angle and using the orthonormality of the B, we get the

total cross-section
o=4ny_ (2A+1)|af (12)

Finally, to get a consistent formula where everything is in spherical coordinates,
we need to convert the plane wave . to spherical coordinates which gives the fi-

nal result for the wave function:

0(r6) =AY i (2+1) [_,‘, (kr) + ikah{® (‘A-r)] P (coss) (13)

To find the as, we need to solve the Schrédinger equation for the region near the
target, where v # 0, and then match this solution up to the exterior solution 13 at
the boundary between the two regions. Doing this requires a well-defined bound-
ary, so it would seem that this method doesn’t work for potentials that fall off con-

tinuously out to infinity.

Example 1 As a simple example of how this boundary matching process works, we
consider the case of hard-sphere scattering. We have a sphere that is impenetrable so

that

V= {x r<a (14)

An infinite potential means that v (r.6) = 0 for r < a, so the boundary condition occurs

over the sphere r = a. Matching this to 13, we get

Z ’(71 +1) [}1 (ka) + il.‘(uh;” (ilm)] P (cosd) =0 (15)

=0
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We can work out @ by multiplying this equation by By (cos6) and integrating over 8,
using the orthonormality of the P:

o0

Zi1(21+1) [_j, (ku)+ikmlz}”(ku)] /”H(Cu&?f))l’p(cmf)) =0 (16)
=0 0

o0

> oit(2+1) [j; (L-a)+ika,h}'”(ka)] sw =10 (17)

=0
it (20 +1) [j,. (ka)+iku,.h;',”(ka)] =0 (18)

Therefore, the coefficients are

~ ji(ka)
a; =

iV (q9)
kh{" (ka)

[Note that Griffiths’s eqn 11.33 is wrong: there shouldn’t be a minus sign on the
RHS.]

Example 2 The delta-function spherical shell. Given the potential

V(r) =ad(r—a) (20)

we want to find f(9). We'll take the incident particle to have very low energy, so that
ka < 1. Since k = 2= /A this amounts to saying that X = a so that the wavelength of the
particle is much greater than the size of the target. From Planck’s formula

E = hv = h/A, this is equivalent to the particle having a low energy. In the text, Grif-
fiths shows that the cross section can be expanded in powers of (ka)', so for low energy,

only the 1 =0 term is significant, so we’ll restrict our analysis to that case.
The exterior solution is given by the i =0 term from 13:
oy = A [_jﬂ (k) S ikaghi (k1) By (mqe)] (21)

We can use the small arqument forms of the Bessel and Hankel functions:

40f9 06/03/2017 12:33 PM



Quantum scattering: partial wave analysis | Physics... http://www.physicspages.com/2015/06/09/quantum-...

_ sinkr
kr

Also, By =150 we get, for r = a:
A . ikr ¢
Vert = 1~ [snl kr + kage™ ] (24)

T

For the internal function for » < a, the potential is v =0, so the general solution of the

radial equation 2 is

u(r) = Bsinkr+ Dcoskr  (25)

Bsin kr + Dcos kr (27)
r r

This solution must be valid at » = 0, so only the <= term is finite there, so we must

have b =0, giving

sin kr

Win (') =B (28)

The wave function must be continuous at the boundary r=a, so

sin ka (29)

A . .
— [Slll ka + k(lot"k“] =B
ka

u

Since the delta function is infinite at r = a, we can’t assume that the derivative of the
wave function is continuous there, but we can use the same method that we used in
analyzing the delta function well to get another boundary condition. The radial equa-
tion 2 for u is the same as the one dimensional Schrodinger equation that we solved
for the delta function well, except that the delta function here is a barrier rather than
a well, so we replace —a by +a to get the condition on the derivative. The radial equa-
tion for 1=0is

———+adlzr)u =Eu (30)

2m dxr?
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Now if we integrate this equation term by term across the boundary, we get, for some

value of e

r‘Z € [‘2 ate a+€
: %rh' + a/ or—a)udr = E/ wdr  (31)

-
2”1 - (1, a—e a—e¢

2
h* du |ate

4+
= —— + aufa) = Ef wdr  (32)

2”1 dr a—e a—e

If we take the limit as « — 0, the integral on the right tends to zero, since it is the inte-
gral of a continuous function over an infinitesimally small interval. The first term on
the left, however, will not be zero, since derivative of the wave function is not contin-

uous when the potential is infinite. Thus we get

a+e 9
T zma u(a) (33)

a—e h2

. du
lim —
e—0 (1]'

To simplify the notation in what follows I'll use the following shorthand:

s = sinka  (34)
e = coska (35)

e = (..iku (36)

From 24 and 28

Uprt () = Tere (1) (37)
- :‘f(.s+av(,0(»~) (38)

dttert : ‘

= Alc+ikage) (39)

dr r=a

Uin (1) = 1 (r) (40)

= Bs (41)

dutin

St = Bke  (42)

From 33 we get
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ditin

11—%; a—e - Tar ~ dr S (43)
= (A — Bk)c+ Aikage  (44)
2771(\
= 7 U (a) (45)
2771(\
To get rid of the constants 4 and B we use 29:
B— S+:°CA (47)
so we get from 44 and 46
. 2 » /
(1 2 + l\aoc) ¢+ ikage = Bl A CES * l\'aocsi (48)
s sk a
where
2maa
B=—— (49)

Solving for as gives (restoring the full notation):

3e— ika

sin? ka

agp = -
(3sinka + kacos

50
ra—iaksnrar 00

For ka < 1 we can approximate sinka = ka, coska = 1and =% =1, s

5] (ka)?
g = — ol
! (;‘31\'(1 + ka — i(a.k)?) k (51)
Ba
o 52
1+ 3 (52)

where we dropped the imaginary term in the denominator since it is of second order

in ak.

The scattering amplitude, differential cross section and total cross section are, from 9,

11 and 12:
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. B ) -
f(e) = ao=—1+"3 (53)
do 2 32a2
- o) = —
= UOP=75 6
d?ﬂ? ;
a = Ax|agl? = dn—— 55
lao 1+ 37 )

As the strength « of the delta function gets higher, 3 — = and the cross section tends
to 4za?, which is the cross section for a hard sphere. Thus even though the delta func-
tion presents an infinite barrier, if it is of finite strength, the total cross section is less

than that of a hard sphere.
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