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Lecture 2 : Berry Phase and Chern number

Berry Phase review

Assuming a physical system is depended on some parameters R = (R, Ra, - - -, Ry), we have
the snapshot Hamiltonian H(R) its eigen-values and eigen-states:

H(R)[n(R)) = En(R)|n(R))

where |n(R)) can have an arbitrary phase prefactor.

The parameters R.(t) are slowly changed with time ¢, then the adiabatic evolution of
time-dependent Schrodinger equation:

d
i [9(t)) = HR(¢))|y(t))

Take the Ansatz: [1)(t)) = e?n(H e~ Iy En(R())dY | (R (t))), we have
d | d
— <%’yn> n) +1 En> =0

That gives the Berry phase expression:

(@ = [ itn(R)Van(R))aR
Define Berry connection:
AM(R) = i(n(R)|Vrn(R)) = —Im(n(R)|Vrn(R))
Gauge transformation:
n(R)) — @ n(R))
AMWR) - AP (R) - Vra(R)

v = § A(R)dR is gauge invariant.

Gauge and Parallel transportation: recalling the arbitrary phase

n(R)) — e ®n(R))

why shouldn’t we choose one which makes
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a n) =
from
d d
_ =0
(dt ) n) 4| % >
then we have
Y =0

There is no Berry Phase in this frame, which is called inertial frame, the condition = \n) =0is

called parallel transportation. All the information resorted to [n(R))), similar to a transformatlon
from active frame to passive frame.

Berry curvature

Define the Berry curvature:

B(R) = Vg x A"(R)

Using Stokes theorem, we have for the Berry Phase:

:/Bw
S

where S is any surface whose boundary is the loop C.
Two useful formula:

o Bj = EjklakAl = —Im(-:jklak<n‘3ln> = —Imejkl@kn\am), that is
B™ = —Im ¥ (Valn') x (n/|Vn).
n'#n

e« B™ = —Im Y (Vn|n') x (n/|Vn) to calculate (n/|Vn), start from:
n'#n
H(R)|n) = Ey|n)
= (VH)|n) + H|Vn) = (VE,)|n) + E,|Vn)
= (n'|VH|n) + (n'|H|Vn) = E,(n'|Vn)

(n'|VH]n)

= (n'|Vn) = T E

then we get:

n (n|VH|n') x (n|VH|n)
)= —Im Z(Vn|n'> n'|Vn) = —Im Z (B, — B, )?
n'#n n'#n

which is gauge invariant!
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Utefrom perturbatid

We can use time-independent perturbation theory to derive the changes of instant snapshot
basis:

H(R)|n(R)) = En(R)|n(R))

we have

mlHR + AR) — H(R)|n
Z(I( H ) — HR)|n)

n(R + AR)) = [n(R)) + e

im(R))

m#£n n

We see that (n|An(R)) = O which means we have used parallel transport gauge, more general,
we should add a arbitrary phase factor in the above equation for [n(R + AR)).

(m| Vs Hn)
Vel =3, g g ™
m;én n m

From B™ = —I'm Y (Vn|n') x (n'|Vn) we also get:

n'#n
H '"VH
7 (I 2 9
n'#n n’)
Also notice:
n (n|VH|n) x (n'|VH|n)
;B():—Imzn:g;n (B, —B,)?
(n|VH|n') x (n'|VH|n) + (n'|VH|n) x (n|VH|n')
:—Imzz (B, — B,
n n<n
=0
Which gives:
Y () / Z B (R)dS = 0
- S
Benchmark: Spin-1/2

Gauge!Gauge!Gauge!

2-level Hamiltonian H(R) = ho(R)o¢ + h(R) - 0, we can set hy = 0, because it does not
affect the eigenstates, eigen-energy are +|h/|, introduce the unit vector:h = h/|h|, the
endpoints of h map out the surface of a unit sphere, called the Bloch sphere shows below:
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Bloch sphere
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