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Abstract – Unlike the other prominent macroscopic spin-paired quantum state, superconductivity, where the focus is on the strongest coupling within a class, untuned weak magnetism presents
an intellectual frontier where electronic structure, magnetic coupling, and (quantum and thermal)
ﬂuctuations provide a platform for unconventional phenomena. With a strong van Hove singularity
(vHs) at the Fermi energy, TiAu (with no magnetic element) is highly unstable toward ferromagnetism, yet orders antiferromagnetically at a wave vector unrelated to Fermi surface nesting. We
show that mirrored vHs provide the long-wavelength, low-frequency ﬂuctuations characteristic of
a wFM rather than that of a conventional wAFM, whereby wAFM competes on equal terms with
wFM for the broken symmetry ordered state. Peierls-like energy gain from cell doubling can help
promote wAFM, which is evident in TiAu.
c EPLA, 2016
Copyright 

Background. – Weak itinerant ferromagnets (wFMs),
conventionally understood as stoichiometric compounds
comprised of elements not displaying local moments themselves, are few, and command attention for that reason as
well as for their existence at the extreme. Their sister weak
anti ferromagnetic systems (wAFM) are practically nonexistent, making the recent identiﬁcation [1] of the wAFM
TiAu a phenomenon in need of understanding. wFM phenomena and materials, reviewed recently [2], provide one
of the main platforms to study quantum-critical points,
where ordered phases (most often magnetic) appear or
vanish at second order, or weakly ﬁrst-order, phase transitions, accessed by tuning such as by doping or pressure.
These long-wavelength (wave vector q → 0) processes are
displayed in an assortment of materials [2], with some of
the prominent examples being understood in terms of the
Stoner instability of the nonmagnetic phase [3,4]. In terms
of the magnetic exchange coupling I of states at the Fermi
surface (FS), and the Fermi level (EF ) density of states
N (EF ), if IN (EF ) > 1 the itinerant system can sacriﬁce
increased kinetic energy by a gain in exchange (magnetic)
energy, and ferromagnetism – possibly weak – becomes
the stable phase. The theory of such phases including the
quantum-critical and thermal ﬂuctuations attending the
small order parameter, is well developed by Moriya and
collaborators [5–8], Hertz [9], Millis [10], and several others since [2,11].

We address here not critical phenomena but rather the
underlying origin of the electronic instability. Moriya’s
self-consistent renormalization (SCR) theory of spin ﬂuctuations [7] provides a useful guide for our purposes, as it
 + q near
ties the small ω, small q ≡ |q | (for wave vectors Q
 ) behavior to averages of varthe ordering wave vector Q
ious Fermi surface quantities, thus bringing the focus to
the geometry, topology, velocity, and eﬀective mass ﬁelds
of the FS. wAFMs, and their spin density wave (SDW)
cousins, have been discussed theoretically almost exclusively in terms of FS nesting [12,13], and the SDW cases
generally support that mechanism. TiAu, however, appears to present its strongest nesting [1] at an incommensurate wave vector that is well separated from what is
observed. An added conundrum is that the Fermi energy
in TiAu lies almost exactly on a sharp, narrow van Hove
singularity (vHs) peak in N (E) that implies a Stoner instability, in which case ferromagnetism or possibly superconductivity, rather than wAFM, is expected to emerge.
We have found, however, that a re-analysis of the susceptibility accounting for mirrored vHs and techniques based
on ﬁrst density functional theory can resolve these conundrums, revealing an unanticipated mechanism of AFM ordering in itinerant systems.
Properties of TiAu. – TiAu, space group P mma
(#51), is orthorhombic with two formula units (f.u.) per

27004-p1

Wen Fong Goh and Warren E. Pickett

Fig. 1: (Color online) Structure of P mma TiAu with two f.u.
per primitive cell (outlined). Antiferromagnet ordering with
modulation vector Q = (0, πb , 0) is shown. The positions of Ti
and Au are at 2e (0.25, 0, 0.3110) and 2f (0.25, 0.5, 0.8176)
sites, respectively.

cell, with lattice constants a = 4.622 Å, b = 2.915 Å,
c = 4.897 Å (see ﬁg. 1). It orders antiferromagnetically at
TN = 36 K, and neutron diﬀraction identiﬁes a commensu AF M = (0, π/b, 0) and an ordered morate wave vector Q
ment of only 0.15μB /Ti [1]. The magnetic susceptibility
follows a Curie-Weiss (CW) form over a wide temperature
range with CW moment of 0.8μB . This CW moment does
not reﬂect any reasonable local moment (minimal spin-half
would give a 1.73μB CW moment), but one of the successes of Moriya’s SCR theory of itinerant magnetism [6,8]
was that the CW temperature dependence should appear,
with an apparent moment that is band structure dependent. Another binary Ti compound, TiBe2 , was long discussed as either a wFM or a wAFM, but has ﬁnally been
classiﬁed as an incipient weak magnet [14] (these materials can be extremely sensitive to nonstoichiometry). Why
TiAu is a wAFM rather than a wFM, and what is the
mechanism given that Fermi surface nesting does not provide the correct wave vector, are the primary issues that
lead to a new origin of wAFM.
Methods. – Density functional theory (DFT) calculations have been performed using the all-electron, fullpotential local-orbital minimum-basis code (FPLO [15]),
in several places comparing results obtained using the
local density approximation (LDA) of Perdew and Wang
(1992) [16] to those obtained from the generalized gradient approximation (GGA) of Perdew, Burke, Ernzerhof (1996) [17], both in the scalar relativistic limit. Ti
3d, 4s, 4p states and Au 5d, 6s, 6p states were treated as
the valence states. The density convergence with an accuracy of 10−6 was chosen as the convergence condition. The
self-consistency calculations in this work were performed
on a 20 × 20 × 20 k-mesh, and larger meshes were used in
analysis.
Electronic structure and energetics. – The DFT
atom-projected and total DOS N (E) of TiAu are displayed in ﬁg. 2. The DOS was presented earlier by
Svanidze et al. [1] and is consistent with our result (which
we have converged more highly because we are analyzing
the extreme ﬁne structure). The Fermi level EF lies within

Fig. 2: (Color online) Density of states in the Ti 3d band region,
displaying the very sharp van Hove singularity peak rising by
a factor of three above the background (see inset) and nearly
coinciding with the Fermi level. Inset: the narrow and high
peak in the DOS, lying 4 meV above the Fermi level.

the 3 eV wide Ti 3d bands, the Au 5d bands being fully occupied and well below EF . The single remarkable aspect of
this electronic structure is an extremely sharp and narrow
DOS peak 4 meV above EF , reﬂecting a strong van Hove
singularity (vHs). The large value of N (EF ) = 9.5/eV-cell
and the strong energy variation nearby, suggests electronic (superconductivity, charge order), magnetic, structural (Peierls), and possibly more exotic instabilities as
well as temperature-dependent anomalies.
We calculate the observed AFM phase to be energetically favored by 3 meV/Ti over FM alignment, which itself
is 8 meV/Ti lower in energy than nonmagnetic, consistent
with observation. The FM moment on Ti is calculated to
be 0.84 μB within the generalized gradient approximation
(GGA) to the exchange correlation energy, consistent with
previous ﬁndings [1]. It is the AFM moment that should
be compared with experiment. Within the local density
approximation (LDA), it is 0.45μB ; in GGA, 0.64μB ; the
diﬀerence reﬂects the delicacy of the moment in TiAu
to the exchange correlation functional. Both values are
substantially larger than the observed 0.15μB , reﬂecting
the semi-local functional (LDA, GGA) that does not account for magnetic ﬂuctuations that reduce the ordered
moment. The necessary renormalization and also behavior with both hole and electron doping will be treated
elsewhere [18].
The DFT ﬁxed spin moment method [19] was applied
to demonstrate the Stoner instability and determine the
Stoner interaction constant I, which is well deﬁned within
density functional theory as derived and calculated for elemental transition metals by Janak [20]. TiAu is found
to be strongly unstable toward ferromagnetism, i.e., the
interacting susceptibility from χ from the second derivative of the energy vs. magnetic moment E(M ) curve is
negative. The Stoner product IN (EF ) = 2.5, reﬂecting very strong FM instability. In terms of N (EF ) =
2.5 states/(eV-spin-f.u.), the Ti atom in TiAu has I =
1.06 eV.
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Fermi surface nesting; vHs mirroring. – The
mean-ﬁeld DFT Kohn-Sham (“Lindhard”) susceptibility is


 + q, ω) =
χo (Q

fk,n − fk+Q+
 q ,m


k,m,n

Fig. 3: (Color online) The constant energy surface at ε = EF +
4 meV reveals the cone-like energy surfaces at the van Hove
points. The four vHs in a Brillouin zone are connected by wave
vectors 
q = (0, ±0.9 πb , ±0.98 πc ). The velocities range from zero
to 7.2 × 107 cm/s.

van Hove singularities. – Probing the vHs reveals an
M1 -type singularity (two positive and one negative mass),
with energy dispersion relative to the vHs point,
=
εvHs
k

ky2
k2
kx2
+ z .
−
2mx
2|my | 2mz

(1)

Such vHs display a cone-like constant energy surface
with
 a touching point at the vHs energy: ky =
± (my /mx )kx2 + (my /mz )kz2 . This cone is visible in the
constant energy surface plot at EvHs = EF + 4 meV
in ﬁg. 3 (see inset).
The positions of the vHs at
(0, ±0.45 πb , ±0.49 πc ) ≡ (0, ±Kb , ±Kc ) all lie in the kx = 0
plane.
The vHs points are separated by the eight distinct
 vHs } = (0, ±2Kb , 0), (0, 0, ±2Kc ),
spanning vectors {Q
(0, ±2Kb , ±2Kc ), which lie near the zone boundaries. The
eﬀective masses at the vHs are surprisingly heavy for an
intermetallic Ti-Au compound of this type, mx = 21me ,
my = −4.5me , mz = 4.9me , but are consistent with
a high DOS peak. The value of N (EvHs ) and thermodynamic properties are related to the thermal mass
mth ≡ |mx my mz |1/3 = 7.7me , a remarkably large value
for an itinerant, presumably weakly correlated, intermetallic compound.
wAFM is addressed in terms of the small ω, small q
susceptibility χ(Q + q) (χ = χo + χo Iχ) relative to the ordering vector Q, as this function describes the low-energy,
long-wavelength processes that are the last ﬂuctuations to
succumb to order. We focus speciﬁcally on the vHs. In
the P mma space group the point group consists of all diagonal matrices with ±1 on the diagonal (half appear with
is even una nonprimitive transition along x̂). Since εvHs
k
der the mirror operations and rotations are not involved,
the vHs energy has the identical form of eq. (1) around
each vHs – they all have the same orientation. The spanning vectors Q connect areas of Fermi surface rather than
simply points.

εk,n − εk+Q+
 q ,m − ω − iη

,

(2)

in terms of the Kohn-Sham eigenvalues εk,n , and η is a pos2
itive inﬁnitesimal. The matrix element factor |Mm,n
 q|
k,
k+Q+
 + q ] · r ) between Bloch states)
(matrix element of exp(i[Q
has not been displayed as we focus on FS topology, but it
is not expected to have any distinctive dependence on q.
DFT provides a rigorous formalism [21] for the interacting susceptibility χ = χo + χo Iχ, which is the conventional random phase approximation form, with I deﬁned
by Gunnarsson [4] and more generally by Janak [20]. For
the case of vHs near or at EF , the identical vHs dispersions in the ω = 0, q → 0 limit will give a local
maximum above the background equal to the density of
states from the vHs region (see Supplementary Information Supplementarymaterial.pdf (SM)).
Theoretical treatments of wAFM, as well as SDWs, invoke Fermi surface nesting to specify the wave vector of
the magnetic order. Svanidze et al. observed that the
most evident nesting vector (by visual inspection) was
 AF M . To address this issue quantitatively, we have
not Q
evaluated the Fermi surface nesting function ξ(q ) arising
for small ω in the imaginary part of dynamic susceptibility
 + q, ω) = πωξ(Q
 + q ) (we set EF = 0) given by
Imχo (Q
ξQ+
 q =



δ(εk )δ(εk+Q+
 q)

k

=

Ω
(2π)3


L

dLk
.
|vk × vk+Q+
 q|

(3)

The second expression provides the interpretation as the
integral over the line of intersection L of the undisplaced
 + q, weighted by the
Fermi surface and one displaced by Q
inverse of the cross-product of the two velocities. Large
contributions arise from i) regions of parallel or antiparallel velocities (nesting), or ii) regions where one, or better
still both, of the velocities is small (separate from nesting). The former is the classic instance of Fermi surface
nesting of parallel pieces of the Fermi surface [13]; recall
that vk is perpendicular to the Fermi surface.
The second case is especially pertinent to the vHs in
TiAu. Due to mirror symmetries, identical dispersion occurs at each vHs, and the velocities become strictly parallel. In addition, the velocities themselves approach zero,
giving a combination of three quantities in the denominator of eq. (3) approaching zero. This conﬂuence represents
a strong singularity, modulated only by the ﬁnite volume
for which the vHs dispersion holds. This volume is larger
for heavy eﬀective masses, ﬁnally limited by the cubic
and higher corrections to the vHs dispersion. The result
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(see SM) is that
ω
χo (Q + q, ω → χo (Q, 0) + αq 2 + iγ ,
|q|

b

(4)
400

2b

qy

with band-structure–dependent constants α, γ, and with
χo (Q, 0) possessing a local maximum proportional to the
strength of the vHs. This expression is of the form that
Moriya obtained for ferromagnets; the |q|−1 factor does
not appear for conventional antiferromagnets.
Contour plots of the nesting function ξ(q) at the Fermi
energy are shown in ﬁg. 4 for each of basal planes qz = 0,
qx = 0, qy = 0. The trivial divergence at the zone center as |q | → 0 is not relevant, reﬂecting as it does the
“perfect nesting” when any Fermi surface falls upon itself;
physical properties in that limit are regulated by matrix
elements and metallic screening. Generically, nesting functions contain ridges of generalized van Hove singularities
where parts of the Fermi surface contact or separate as q
is varied [22]. This delicacy, and the numerical interpolation, account for the wiggly substructure in the contours
that have no signiﬁcance. The peaks in ξ(q ) for TiAu
all occur at vectors that span vHs, rather than where (visually) Fermi surfaces seem to nest. The latter case ii)
above, spanning vHs, causes the peaks in TiAu. Since
the spanned vHs have identical dispersions, identically oriented, over a volume of space, when they fall upon one
another (q → 0) there is a |q|−1 divergence analogous to
that for a generic ξ(q ) in that limit (see SM). However, at
 there are no matrix elements to cancel the dinonzero Q
vergence – identical (hence degenerate) vHs lead to a physical divergence at the spanning wave vectors. All spanning
vectors occur and dominate the structure away from the
origin, and they all have similar amplitudes. The divergences are not evident in the ﬁgure because that would
require a much ﬁner k-mesh to resolve.
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Nonlinear aspects of electronic reconstruction. –
These results provide a picture of competing magnetic
 = 0,
tendencies: the strong FM Stoner instability at Q
and AFM instabilities at each of the AFM spanning vec vHs }. The intensities that we calculate lie in the
tors {Q
order ξ(0, 0, Kc ) > ξ(0, Kb , 0) > ξ(0, Kb , Kc ) but the relative peak heights diﬀer by no more than 5% and matrix
elements will diﬀer, so these small diﬀerences may not determine the ordering wave vector. The occurrence of a
 AF M makes the experimental
peak at (0, 2Kb , 0) near Q
magnetic peak understandable, but does not answer the
question why a FM alignment is not more favorable. Our
calculations reported above do conﬁrm that the AFM
state is lower in energy by a small but signiﬁcant amount.
A more complete evaluation of the susceptibility, with matrix elements and local ﬁeld factors, could help to understand the relative tendencies but is a formidable task.
Also, nonlinear (in magnetic moment beyond the linear
response, interacting susceptibility χ) terms in the energy
might also be important, as we now address (the paramagnetic susceptibility describes only linear response).
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2c

250

c
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0
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a

qx
Fig. 4: (Color online) Contour color plot of the Fermi surface nesting function ξ(
q ) in the (top to bottom) qz = 0,
qx = 0, qy = 0 planes, respectively. Purple denotes a value
less than 220, and the trivial divergence at 
q → 0 (see text)
has been removed by setting the near-divergent values greater
than 420 is set equal to 420. The shape of the small 
q contours
contains information about the Fermi surface, see the text. The
peaks near (0, π/b, 0) (top), (0, π/b, 0), (0, 0, π/c), (0, π/b, 0)
(middle), and (0, 0, π/c) (bottom) are discussed in the text.
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superconducting cuprates has a vHs at (π/a, 0). The sister vHs at (0, π/a), is rotated by 90◦ so the ideal nesting
in TiAu does not occur in cuprates. In this regard, the
orthorhombic space group of TiAu is important. Also,
the vHs in cuprates is two-dimensional, and is discussed
as possibly relevant to pairing [23] and to pseudogap
behavior [24], vs. the AFM ordering in TiAu.
This picture of TiAu provides veriﬁable predictions. An
obvious consequence is Kohn anomalies that should appear in the phonon dispersion at the eight spanning wave
 AF M . These anomalies
vectors above TN , rather than at Q
should disappear after ordering. Regarding the electronic
spectrum, Drozhov has shown that breakdown of the Midgal approximation (electron velocity becoming comparable
to, or smaller than, the phonon velocity) leads to verFig. 5: (Color online) Band structure and DOS of the nonmag- tex corrections that severely alter the electronic spectrum
netic (upper panel) and AFM (lower panel) supercell. Symme- near the vHs position and energy [25]. These eﬀects sugtry point notations are as in ﬁg. 2, except that now bAF M = 2b. gest that investigating properties just above TN should
Due to the Ti 3d exchange splitting, the doubly degenerate reveal new behavior related to inter-vHs scattering and
band at the Fermi level along S-Y is split into majority and the resulting instability.
minority components above and below EF , with only the lower
one occupied. Bands elsewhere are aﬀected little by the magnetic order.

The wAFM state of TiAu occurs at the commensu AF M rather than at the nearby spanrate position Q
 AF M and
ning vectors (of the nonmagnetic bands) 0.90Q
AF
M

(by symmetry) 1.10Q
, which in the simplest picture
would lead to a SDW state with a period of 20b. A longitudinal SDW loses exchange energy in the regions where
magnetization is small, and must make up the energy by
gapping the Fermi surface, which is not an uncommon
occurrence. However, TiAu does not have nested Fermi
surfaces but rather spanned (“nested”) identical vHs over
a ﬁnite but small volume that produce a dynamic instability (divergence of the imaginary part of the magnetic
response). Scattering between two such vHs described by
a matrix element ūQ simply splits the vHs to energies differing by ±|ūQ |, reducing the kinetic energy when EF lies
within ūQ of the vHs. Since the Ti-Ti separation is shorter
in the b-direction than in the perpendicular directions, the
matrix elements, and thus the energy gain, may be larger
 AF M than for the competing spanning vectors.
for Q
By slipping to the commensurate wave vector by merging the two incommensurate ones in TiAu, the divergence
 0) is mitigated. Moreover, we ﬁnd
(at T → 0) of χo (Q,
that a ﬂat band at EF along the zone edge S-Y line is
 AF M ordering, providing a Peierls-like band ensplit by Q
ergy gain from unit cell doubling. This band is shown in
ﬁg. 5, which also demonstrates how the vHs peak is split
leaving EF in a local minimum. In addition a band crossing along Γ-Z at EF is transformed into an anticrossing,
contributing to band energy gain.
Summary. – Eﬀects of scattering between vHs have
been discussed in some diﬀerent contexts. The nearestneighbor tight-binding model used for high-temperature
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