
Fermi surfacesof diborides: MgB2 and ZrB 2

H. Rosner,1 J. M. An,1 W. E. Pickett,1 andS.-L. Drechsler2
1Departmentof Physics,Universityof California, Davis,California 95616

2Institut fuÈr FestkoÈrper- und Werkstofforschung,P. O. Box270116, D-01171Dresden,Germany
~Received22 February2002;published26 July 2002!

We providea comparisonof accuratefull potentialbandcalculationsof theFermisurfacesareasandmasses
of MgB2 and ZrB2 with the de Haas±van Alphen dataof Yelland et al. andTanakaet al., respectively. The
discrepanciesin areasin MgB2 canbe removedby a shift of s bandsdownwardwith respectto p bandsby
0.24 eV. Comparisonof effective masseslead to orbit averagedelectron-phononcouplingconstantsl s 5 1.3
~both orbits!, l p 5 0.5. The requiredbandshifts, which we interpretas an exchangeattractionfor s states
beyondlocal densitybandtheory, reducesthenumberof holesfrom 0.15to 0.11 holespercell. This makesthe
occurrenceof superconductivityin MgB2 a somewhatclosercall thanpreviouslyrecognized,andincreasesthe
likelihood that additionalholescanleadto an increasedTc .
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I. INTRODUCTION

Thediscoveryof superconductivityin MgB2 near40 K by
Akimitsu's group1 and the subsequentintenseexperimental
investigationof its propertiesand theoreticalexpositionof
theunderlyingcauses,hasmadeit clearthatMgB2 is the®rst
memberof a new classof superconductors.Although inter-
metallic like the bestsuperconductorsbefore1986, it does
not haved electrons,it doesnot havea high densityof states
at the Fermi level EF , and it is strongly anisotropicin its
crystal and electronic structures.2±8 In another important
way, it is distinct from the other intermetallicsuperconduct-
ors: it derivesits high-superconductingcritical temperature
Tc from extremelystrongcoupling from only a small frac-
tion of thephononsto a speci®callylimited partof theFermi
surface~FS!.2,4±6,9,10Otherdiborides,at leastso far, aredis-
appointingwith regardto their superconductivityÐastudyof
TaB2 revealsthat the presenceof Ta d electronsin the va-
lencebandregionresultsin a completelydifferentelectronic
structure,11 especiallythe statesat the Fermi level, and ac-
countsfor its lack of bulk superconductivity.

Although the propertiesof MgB2 appearto be described
consistently, and reasonablyaccurately, by a Fermi liquid
picture basedon the band structurecalculatedin the local
densityapproximation~LDA!, therehavebeenfew opportu-
nities to makedetailedquantitativecomparisonwith experi-
mentaldata.Thereforetherehasbeena broadrangeof alter-
native suggestions.Imada has suggestedstrong interband
Coulomb exchangeprocesses.12 Furukawa has raised the
possible importanceof half-®lled pz bands.13 Hirsch and
Marsiglio14 suggestthat hole undressingby Coulombinter-
action in nearly®lledbandsis responsible.Referringto op-
tical dataon oriented®lms,Marsiglio15 hassuggestedthat
coupling via a high-energy electronic mode is plausible.
Baskaran16 hasrevivedthe Paulingresonating-valence-bond
picture of benzeneas having possible application to the
graphenelayersof boron in MgB2. Nonadiabaticprocesses
strongly affecting the occurrenceof superconductivityhave
beenput forward,by Alexandrovbasedon penetrationdepth
data17 andby Cappellutiet al. on thebasisof severalexperi-
mentalresultsthatarenot readilyunderstandablein termsof
conventional~isotropic! Eliashberg theory.18

Although the crystalstructureof MgB2 is quite simple,it
is strongly layered and electronic characteristicsare pre-
dicted to be strongly anisotropic.So far few single crystals
have been obtained,so single crystal optical conductivity
data is not available.In addition, the strong `̀ anisotropies''
mentionedabovenecessitatea two-bandmodel7,9,19,20 or a
fully anisotropictreatment10 to accountproperlyfor thedata,
andsuchinterpretationsareonly recentlybeingcarriedout.
Photoemissiondataon singlecrystalsallow direct compari-
son, and the agreementbetweenband theory and angle-
resolvedphotoemissionspectroscopyis good21,22 down to
the scaleof a few tenthsof an eV.

Therecentlyreportedobservationof deHaas±vanAlphen
~dHvA! oscillationson singlecrystalsby Yellandet al.23 is a
crucial developmentthat provides the opportunity for de-
tailed evaluationof LDA predictions.Thesemeasurements
detectedthreefrequencies~extremalFermi surfaceareasF)
and information about the orbit-averagedelectron-phonon
effective massm* and scatteringtime t . Comparingto re-
portsof Elgazzaret al.,24 who usedthe augmentedspherical
wave method within the atomic sphere approximation
~ASW-ASA!, Yelland et al. concluded that discrepancies
with bandtheoryare40±80% in the FS areas.This discrep-
ancyseemslargeenoughto suggesttheoccurrenceof impor-
tant correlationeffectsbeyondLDA. If this is true, our cur-
rent understandingof the propertiesof MgB2 might need
revision. Mazin and Kortus have presentedorbital areas25

that are closeenoughto the observedvaluesto give con®-
dencein the bandpicture.

In this paperwe providea comparisonof carefulcalcula-
tions of extremalareasandbandmassesfor MgB2. To pro-
vide comparisonandcontrastin a relateddiboride,we pro-
vide similar information for the isostructural refractory
diborideZrB2, which hasrecentlybeenreported27 to super-
conductat Tc5 5.5 K whereasearliersearchesobservedno
superconductivity.28 The extensivedHvA dataavailablefor
ZrB2 makesthis a particularly useful systemto study. We
®nd,with onepossibleexceptionthat we discuss,that LDA
predictions seem to provide an excellent description for
ZrB2. For MgB2 thereis somedisagreementin FSareasthat
can be accountedfor by a shift of p ~B pz) bandswith
respectto s ~B spxpy) bandsby 240 meV andreadjustment
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of the `̀ Fermi energies'' of each of these bands by ;
6 120 meV. This result is roughly consistentwith that of
Mazin and Kortus.25,26 Suchshifts will lead to quantitative,
but mostlikely not qualitative,correctionsin theexplanation
of MgB2 superconductivity.

II. CALCULA TIONAL METHODS

The precisionand consistencyof the calculationsusing
different methodsis a concern,in light of the apparentdis-
crepancybetweenthebandstructureresultsof Elgazzaret al.
andthedataof Yellandet al. Thereforewe haveappliedtwo
full potential,all-electronmethodsof calculationthat have
producedequivalent results for severalother systems.29,30

Onemethodis the full potentiallinearizedaugmentedplane
wave ~FLAPW! method31 as implementedin the WIEN97
code.32 The othermethodis full potentiallocal orbital code
~FPLO!33 basedon local orbitalsoptimizedto minimize the
electronicenergy.

Therearetwo computationaldetailsthatrequireattention,
especiallyfor MgB2, in order to obtain the precisepredic-
tions of band theory. Both are related to the existenceof
small volumeFermisurfaces@thesmallestcontains; 3% of
the Brillouin zone~BZ! volume#, for which small shifts of
thebandedgemakeappreciabledifferences.The®rstissueis
that the nonsphericalnatureof the charge density~relatedto
the distinctly different contributionsto the density from s
and p states! and potential is important. Comparing the
FPLO methodwith basis functions optimized as usual ~to
minimize the energy! with the FLAPW resultsrevealedthat
the kz dispersionof the s bandalongG-A wasslightly dif-
ferent for the two methods.The reasonis that the extension
parameterx0

n,l for the FPLO basis functions is optimized
only with respectto the main quantumnumbern and the
angularmomentuml at a givensite.Increasingthe¯exibility
of the FPLO basisresultedin agreementwith the FLAPW
result. On the other hand, the standardFPLO-basisset re-
sultedin agreementwith the WIEN97 codefor ZrB2, suggest-
ing that the charge density for the latter compoundis less
anisotropicthan in MgB2. This implies aswell that the dis-
crepancyof the results of Elgazzaret al.24 is due to the
sphericalapproximationof the potentialthey used.

The seconditem is the densek point sampling that is
necessaryto obtain the fraction of s bandholesaccurately,
andhencethe charge densityandpotential,a point notedby
Mazin andKortus.25 Increasingthe numberof inequivalent,
equally spacedpoints in the irreducible BZ from 2000
~which alreadywould be consideredto be a ®nemesh! to
; 16600resultsin changesin areaof thesmallestorbits~see
Table I! by 2±3%. Becauseof suchsensitivities,we quote
areasandmassesonly to 21 signi®cantdigits. Unlike non-
sphericity and k point sampling, the choice of exchange-
correlationpotentialmakesno physicaldifference.Usingthe
LAPW code,we checkedthe eigenvaluesof the unoccupied
s statesat G and A. Measuredrelative to the Fermi level,
thesedifferedby no morethat2.5 meV betweentheLDA of
PerdewandWang34 andthegeneralizedgradientapproxima-
tion of Perdew, Burke,andErnzerhof.35

III. RESULTS AND COMPARISON WITH EXPERIMENT

A. ZrB 2

As in MgB2 ~but for a different reason! it is not easyto
preparesinglecrystalsof ZrB2 dueto its meltingtemperature
above3300 K. However, single crystal studieshave been
reported.dHvA data have beenprovided and analyzedfor
ZrB2 by TanakaandIshikawa,36,37andthedataaresimilar to
thosereportedfor the isostructuralandisovalentsistercom-
poundsTiB2 ~Refs.37,38! andHfB2.39

The bandstructurehasbeenpresentedpreviously, based
on a variety of computationalmethods,40±44 eachinvolving
simpli®cationsthat we avoid. Our calculatedbandstructure
anddensityof states~DOS!, calculatedfor the experimental
lattice constantsa5 3.170 …andc5 3.532 …,27 aresimilar
to thosepresentedearlier, so we do not presentthem here.
The Fermi energy lies in a `̀ pseudogap,'' which is due to
relatively largevelocitiesin the regionof EF ratherthanany
semimetallicoverlappingof bands~where there would be
small FS's andlow velocities!. The occupiedB p statesare
mostly in the2 4 to 2 2 eV region(EF is takenasthezero
of energy!, while s statesarespreadthroughoutthe valence
bandregion.Due to stronghybridizationof the Zr 3d states
with the B 2p states,the s -p distinction is not as clear in
ZrB2 as it is in MgB2 ~seeFig. 1!. The Zr 3d DOS shows
that considerablylessthan40% of the 3d DOS is occupied
~which would be the casefor four of ten possible3d elec-
trons! suggestingZr! B charge transfer.

The Fermi surfaces, shown in Fig. 2, consist of a
K-centeredbarbedring R with threefoldsymmetry, and an
A-centereddumbbellD with sixfold symmetry. We usethe
orbit designationsof Tanakaand co-workers.36,37 For the
®eldalong~0001!, the R surfacegivesa roundedtriangular
orbit (n) encircledby a nearlycircularorbit (j ), while theD
surfacegives a circular orbit («) around its waist and a
smoothed-starorbit (m) at eachend.Thesecrosssectionsare
alsoshownin Fig. 2. In addition,we considertheb orbit for
®eldalong(101Å0), which is the crosssectionof the barbed
ring D in Fig. 2. TheseFermisurfacesarebroadlyconsistent
with thoseusedby Tanakaandco-workersto interprettheir
dHvA data. The Fermi surfacespresentedby Shein and
Ivanovskii ~Fig. 1 in Ref. 44! arequite different.The origin
of this differenceis unclear, since the full potential linear
muf®n-tinorbital methodthey useshouldgive the samere-
sults as our methods. We note that their value

TABLE I. Calculatedde Haas±van Alphen areasFcalc and
massesmb of ZrB2, comparedto the experimentaldata Fexp of
TanakaandIshizawa.Areasarequotedin kT.

Orbit Fexp Fcalc mb

«(0001) 1.81 1.84 2 0.38
m(0001) 2.46 2.43 2 0.60
n(0001) 2.84 2.92 2 0.41
j (0001) 6.05 6.78 0.51

b (101Å0) 0.300 0.305 0.103
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N(EF)5 0.163 eV2 1 differs considerablyfrom our results
andmostof the previouscalculations.40,41,47

The generalshapeof the density of states,and the low
value of N(EF), was con®rmedby x-ray photoemission
spectroscopymeasurements.40 The mostnoteworthyfeature,
in light of a new report27 of Tc5 5.5 K, is the small calcu-
latedvalueof N(EF)5 0.26/eVcell, correspondingto a bare
linear speci®cheat coef®cientgb5 0.61 mJ/moleK2. @The
value of N(EF) is somewhatsensitiveto the quality of the
calculation.# The reported experimental45 value of g
5 0.47 mJ/moleK2, which should include electron-phonon
enhancement,is smaller thanour barebandstructurevalue.

The low value of N(EF) itself and the weak coupling46

seeminconsistentwith Tc5 5.5 K; it would require very
large electron-phononmatrix elements which has been
shownnot to be thecasein anothertransitionmetaldiboride
TaB2.11 Sinceall informationis consistentwith theobserved
superconductivityarising from a minority phase in the
sample,andthecalculationsseemto makesuperconductivity
unlikely, we concludethatZrB2 itself is not superconducting.
Thesefacts,andresultspresentedbelow, suggestthat remea-
surementof the heatcapacityon additionalsamplesmay be
called for. In any case,the occurrence~or not! of supercon-
ductivity in ZrB2 is peripheralto the intent of this paper.

The calculatedand observedareasare given in Table I.
Percentagediscrepancyor evenabsolutedifferencesdo not
give the mostphysicalindicationof the level of ~dis!agree-
ment,especiallywhenareasgetsmall~seeMgB2, below!. To
indicatemoreclearly the implication of the discrepancybe-
tweentheoryandobservation,in Fig. 2 theorbit areasF(E)
versusenergy areprovided.Theobservedareasareshownas
horizontallines,which allowsoneto readoff theshift in any
given bandneededto bring its areainto agreementwith the
observedarea.The bandmasses,proportionalto the deriva-
tive dF/dE, arealsoreadily obtainedfrom suchcurves.

For the orbits «,m,n in the range1.8 kT, F, 3 kT, the
agreementis excellent,probablywithin the total numerical
precision.For the j orbit, the agreementis not good: the
reportedareais 10%smallerthanwe calculate~this amounts
to 1.4%of theBZ basalplanearea!. Moreover, it is unlikely
that even this relatively modest disagreementcan be
achievedby a shift of theband,becausesucha shift destroys
agreementfor then orbit andresultsin a changeof topology
of the constantenergy surfaces.To investigatethis discrep-
ancy further, we havecalculatedthe b orbit aroundthe R
surface,which passesthroughboth the j andn orbits. This
areais in excellentagreementwith experiment~seeTableI!.
It maybepossible,but seemsunlikely, thatthis disagreement
couldbereconciledby somenonrigidshift~s! of band~s!. It is
possiblethat this discrepancyis due to experimentalcondi-
tions: the j orbit is the largest,giving the fewestoscillations
to ®t to an oscillatory form, hencelarger uncertaintyin the
result.An experimentalreinvestigationof thedHvA frequen-
ciesis underway48 to eithercon®rmor resolvethis discrep-
ancy.

B. MgB2

The bandstructurecalculationswheredoneusingthe ex-
perimentallattice constantsa5 3.085 … and c5 3.522 ….
To facilitateunderstandingof notation,we identify theorbits

FIG. 1. Total andprojecteddensityof statesfor ZrB2. The pro-
jectionsshowthat thereis no distinctivecharacterof statesat EF ,
ratherthey area combinationof Zr 4d andB p ands .

FIG. 2. CalculatedFermi surfaces~left! andselectedcrosssec-
tions ~right!, for ZrB2. The labelsareprovidedasusedin the text.
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by their B character(s or p ) and by the point in the BZ
aroundwhich they arecentered.The s Fermi surfaces,pic-
tured in severalpreviouspublications,3,6 are two concentric
¯uted cylindersorientedalong G-A, which give rise to ex-
tremal orbits s G

S , s G
L , s A

S , s A
L for magnetic ®eld along

~0001!. (S,L denotessmall, large.! The p bandsgive rise to
p G andp A for ®eldalong~0001!, p M for ®eldalong(11Å00),
andp L for ®eldalong~1000!.

The calculatedareasandbandmassesaregiven in Table
II, with comparisonto the three orbits of Yelland et al.23

assumingthesamecorrespondenceof observedorbit andcal-
culatedorbit. For reference,an areaof 1 kT correspondsto
2% of the areaABZ of the basalplane of the BZ. For the
threeobservedorbits, thecalculatedareasare0.306 0.04kT
larger than observed,i.e., a discrepancyequal to 0.6% of
ABZ . Our calculatedareasare in good agreement~usually
closeto signi®cantdigits! with thoseof Mazin andKortus.25

There are differencescomparedto the areaspresentedby
Elgazzaret al.24 ~mostof our areasare; 20%smaller!, pre-
sumablydueto theapproximationsmadein their augmented
sphericalwavemethod.

In Fig. 3 theorbit areasF(E) versusenergy areprovided.
The bandmassesmb5 (\ 2/2p )dF/dE areseento be insen-
sitive to the positionof the Fermi energy exceptfor the two
largest p orbits. Thesevalues are in good, but not quite
perfect,agreementwith thoseof Mazin andKortus.The ob-
servedareas~Table II ! areshownashorizontallines, which
allowsoneto readoff theshift in anygivenbandto bring its
areainto agreementwith the observedarea.~Due to the dif-
ferencein the s and p densitiesof statesat EF , charge
balancerequiresa readjustmentof EF by ; 20 meV.! The
requiredenergy shift is 2 115 meV for boths G

S ands A
S , and

1 125 eV for p L , bothof which reducethesizesof thehole
andelectronFermi surfaces.Theserequiredshifts imply ~1!
thereis a relativeshift of thes bandsrelativeto thep bands
by ; 240meV presumablydueto correlationeffectsbeyond
LDA and~2! thekz dispersionof thes bandsalongtheG-A
line is describedcorrectly in bandtheory~the sames band

shift is requiredat G andat A). The datagive the areasfor
only a singletube~the smallerone!, but sincethe two s are
degeneratealongG-A, both bandsmustshift together.

The observedeffective massesinclude an enhancement
due~primarily! to electron-phononcoupling,which is given
in TableII andis obtainedfrom m* 5 mb(11 l ). For boths
orbits the enhancementthus derived is l s 5 1.3; for the p
orbit it is l p 5 0.5. Theses orbit enhancementsare notice-
ably larger than the averagevalues over each surfacelÅs

5 0.96 0.1,lÅp 5 0.46 0.1 obtainedfrom solution of the an-
isotropic Eliashberg equationswith ®rst principles band
theory input by Choi et al.10 The difference,particularly for
the s bands,might indicatethereis somefeatureof strong
coupling in MgB2 yet to be understood,or possiblythat the
s bandshift necessaryto provideagreementwith orbit areas,
when taken into account in the calculationsof electron-
phononcoupling,will amelioratethis discrepancy. Anyhow,
the disagreementis small enoughthat the generalpictureÐ
the quasiparticleband structureand electron-phononcou-
pling determinedwithin conventional~LDA! band theory,
thenTc determinedby Eliashberg theoryÐseemswell justi-
®ed.

Although the errors reportedfor the experimentallyob-
serveddHvA crosssectionsare rathersmall, further con®r-
mation of thosedata,and especiallyfurther searchfor the
missingcrosssections,would be highly desirable.

IV. DISCUSSION

For ZrB2 the only discrepancybetweencalculatedand
observedareasoccursfor thelargestorbit thatwasobserved,

TABLE II. CalculateddeHaas-vanAlphenparametersof MgB2

comparedto theexperimentaldata.Areasarequotedin kT. Column
1: the calculatedFPLO areas,using the LDA potentialcalculated
using16221 k points in the irreducibleBZ; valuesin parentheses
are from FLAPW using the GGA exchange-correlation.Column 2
and column 4: data from Yelland et al. Column 3: bandmass,in
units of electronmass.Column 5: orbit-averagedmassenhance-
ment l 5 um* u/umbu2 1.

Orbit Fcalc Fexp mb um* u l

s G
S 0.78~0.79! 0.54 2 0.25 0.57 1.3

s G
L 1.65~1.67! 2 0.57

p G 34.5 1.87
s A

S 1.83~1.81! 1.53 2 0.31 0.70 1.3
s A

L 3.45~3.46! 2 0.64
p A 30.6 2 0.93
p M 0.45 2 0.25
p L 3.03 2.69 0.32 0.47 0.5

FIG. 3. The areasF(E) of selectedextremalconstantenergy
surfacesin ZrB2 for ®eld along ~0001!, versusenergy (EF5 0).
Slopinglinesshowour calculatedvalues,experimentalnumbersare
denotedby horizontallines,andthecirclesdenotetheenergy where
perfectagreementoccurs.The threesmallerarein goodagreement
with experiment;the discrepancyfor the large surfaceis discussed
in the text.
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the overall agreementbetweenthe calculatedand the ob-
servedfrequenciesis of the sameorder as the achievable
numericalaccuracy. Becauseof the stronghybridizationbe-
tweentheZr 3d andtheB 2p states,ZrB2 hasa muchmore
isotropicelectronicstructurethandoesMgB2 ~seeFig. 4!. As
a result,any renormalizationandshift of bandswith respect
to eachotherseemsto be negligiblefor this compound,and
the LDA singleparticlepicturedescriptionis well justi®ed.

While the observeddHvA areasof MgB2 arereadily un-
derstoodin termsof the calculatedFermi surfacesand the
inferred electron-phononcoupling constantsare reasonable,
completeagreementof the FS areaswith the datarequiresa
shift of the s bandsby 115 meV downward,and a shift of
thep bandsupwardby 125meV. Thenecessaryshift results
in s band edgesat G and A that are reduced0.38 eV
! 0.25 eV, 0.76 eV! 0.53 eV, respectively. The volume
of thes S tube,proportionalto theaverageof thetwo areasin
Table II, then is about30% smallerthangiven by the band
calculation,so the numberof holesdecreasesproportionally
~from 0.146to 0.106!.

We cansuggestat leasttwo possiblecausesof this `̀ be-
yond LDA'' correctionto the bandstructure.Onepossibility
is relatedto theobservationthat thecharge in thes bandsis
con®nedto the two-dimensionalB sheetof graphenestruc-
ture,nearly®lling thosebondingstates.Beingof morelocal-
ized characterthan the p bands,the exchangepotential in
LDA may be lessaccuratethanfor the p electrons;a better

exchangepotentialwould belarger in magnitude~andattrac-
tive!, lowering the s bandswith respectto the p bands.A
relatedviewpointof thesamephysicsis that thereis a larger
~spurious! self-interactionfor the s statesthan for the p
statesin LDA.

Another possible correction could arise from residual
hole-holeCoulombinteractionsin the s -hole gas.There is
someanalogywith a relatedsituationin metallic, ferromag-
netic Ni, wherethereare ; 0.6 3d holes/Ni in the minority
bands.Unlike in MgB2, in Ni there is presumablya rela-
tively large value of the ratio U/W ~intra-atomicCoulomb
interactionU, 3d bandwidthW) makingHubbard-typecor-
relationsof somerelevance.MgB2 has broad s bands,so
Hubbard-likecorrelationsshould not be the problem. The
strong2D characterof the s bandholesmay enhancemany
body corrections.It will require further work to determine
whether it is one of thesemechanisms,or perhapssome
other, that is responsiblefor the bandstructurecorrections.

V. SUMMARY

The ratherclosecorrespondenceof the LDA Fermi sur-
facesof MgB2 supportsthe prevalentpicture of supercon-
ductivity that is basedon theLDA startingpoint: very strong
electron-phononcoupling of s band hole statesto certain
phonons~theE2g branch!. Of thesuggestedalternativescited
in the Introduction,the comparisonwe havemadetendsto
rule out severalof them.Although the s bandFermi energy
requiressomeadjustmentto accountfor the observeddHvA
orbital areas,it remainsaround0.5 eV, large enoughto ren-
der nonadiabaticprocessesof secondaryimportancein su-
perconductingpairing.Thehalf-®lledp bandideasandreso-
natingvalencebondstateideacertainlyget no supportfrom
the correspondenceof dHvA datato the bandtheoryresults.
Other experimentaldata ~penetrationdepth, speci®cheat,
isotopeshift, superconductinggap, and Tc itself! are being
shownin manystudiesto requirean anisotropic~two band!
model, and that most dataseemto be consistentwith such
modelsbasedin detail on bandtheoryresults.Singlecrystal
data,of which the dHvA data23 are someof the ®rst,will
serveto clarify theseissuesfurther.

Noteaddedin proof. Recently, new de Haas±vanAlphen
measurementson new single crystalsessentiallycon®rmed
the resultsof Refs. 38,39. Details will be publishedelse-
where.
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