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The phonon-modedecompositionof the electron-phononcoupling in the MgB2-like systemLi12 xBC is
exploredusing ®rst-principlescalculations.It is found that the high-temperaturesuperconductivityof such
systemsresultsfrom extremelystrongcouplingup to only ; 2% of the phononmodes.Noteworthycharac-
teristicsof E2g branchesinclude~1! `̀ model '' valuesof 25 andgreatercomparedto a meanof ; 0.4 for other
modes,~2! a precipitousKohn anomaly, and~3! E2g phononlinewidthswithin a factorof ; 2 of thefrequency
itself, indicatingimpendingbreakdownof conventionalelectron-phonontheory. This behaviorin borneout by
recentinelasticx-ray scatteringstudiesof MgB2 by Shuklaet al.
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SuperconductivitynearTc' 40 K in MgB2
1 hasnecessi-

tateda reevaluationof our understandingof phonon-coupled
superconductivity, andillustratedvividly that therehasbeen
a substantialvoid in our conceptualunderstandingof this
`̀ conventional'' mechanismof coupling, long thoughtto re-
quire d electrons,high densityof states,andhigh symmetry.
The generaltheory of electron-phonon~EP! coupledsuper-
conductivity has long beenavailable,2,3 and someessential
understandingof the mechanism in MgB2 is now in
place.4±10 The particular structureand chemistryof MgB2
createsholes in the B 2ps bands, and these holes are
coupledvery stronglyto theB-B bond-stretchingvibrational
modes.Thepredictionsof bandtheoryhavebeenveri®edby
angle-resolvedphotoemission11 and de Haas±van Alphen
measurements.12±14 One unexpectedfacet is an unusually
stronganisotropyin the EP coupling, such that the Fermi-
surface~FS! averagedEPcouplingstrengthl andEliashberg
function a 2F(v ) do not give a preciseaccountof Tc or of
thermalandspectroscopicdata.It seems,however, thatmuch
canbeaccountedfor by generalizingto a two-bandmodel9,10

of stronglycoupleds holesandweaklycoupledp electrons,
with l 5 l s 1 l p ' 0.62 0.8.

In spite of the successin accountingfor many observa-
tions, this linear EPtheory~with somead hoc correctionfor
anharmonicity! seemsat best incomplete. The enormous
linewidth g of theE2g mode,15±18 ascribedto strongEPcou-
pling plus anharmonicity, hasnot beenaccountedfor quan-
titatively, andthepredictedchangein frequencyandg at Tc

9

is not observed.Nonadiabaticprocessesarising from the
small®lling of thes bands,andlow Fermienergy EF , have
beenproposed.9,19,20 Boeri et al. providedneededclari®ca-
tion by demonstratingthatE2g anharmonicityarisesin MgB2
from nonadiabaticeffects,21 due to the huge deformation
potential.4

A secondcompoundin the `̀ MgB2 class'' that hasbeen
proposedrecentlyis usefulin clarifying theseissues.LiBC is
isostructural22 and isovalentwith MgB2, having graphene-
like B-C layersthat areevenmorestronglybondedthanare
theB layersof MgB2. Thestoichiometriccompoundis semi-
conducting~dueto theB-C difference!, but Li de®ciencythat
makesit a hole-dopedmetalhasbeenreported.22 Suchhole

dopingintroducescarriersinto theB-C s bands,asoccursin
MgB2, andnearrigid-bandbehaviorhasbeendemonstrated,
makingit a promisingsystemfor probingthe carrierdensity
dependenceof EPcoupling in MgB2-classsuperconductors

In this paper, we focus on the decompositionof l into
contributions~̀`mode l 's'' ! from each phonon Qn rather
than its FS decomposition,and ®ndstartlingly high values
l Qn' 25 for E2g modes.First-principlescalculationsof a 2F
for Li0.75BC gives l 5 0.74, makingLi12 xBC at this doping
level quantitatively similar to MgB2. The insulating end
memberof the Li12 xBC systemmakesit pedagogicallyan
idealmaterialto illustratethedistinct aspectsthatMgB2 has
introducedinto the physicsof electron-phononcoupledsu-
perconductivity. Li12 xBC is `̀ MgB2 with strongercoupling
and variablecarrier concentration,'' and becauseits s FS's
are ~as in MgB2) very close to cylindrical, the underlying
physicalprocessescan be modeledsimply yet realistically.
Theessentialrevelationsare:~1! thehigh-temperaturesuper-
conductivityarisesfrom exceedinglystrongcouplingof only
a small fraction(; 2%, dependingon doping! of thephonon
modes,~2! a colossalsharpKohn anomalyoccursÐextreme
renormalizationby EP coupling upon doping from hard
bond-stretchingmodes,and~3! the phononlinewidth dueto
decayinto s bandelectron-holepairs becomescomparable
to the linewidth itself, making the bond-stretchingmodes
poorly de®ned~at best!, yet not unstable~dueto their intrin-
sic hard nature!. Just this strengthof coupling and relative
linewidths have beenreportedfor MgB2 by Shukla et al.,
obtained from inelastic x-ray scattering spectroscopy.23

Moreover, ~4! theseeffects occur continuouslywith doping
and will allow a unique window into the nonadiabaticre-
gime, wherethe Fermi energy is comparableto the phonon
frequency. Thesefeaturesapply directly to Mg12 xAl xB2 as
well.

A descriptionof the bandstructureof Li12 xBC waspre-
sentedearlier.24 The FS's for x5 0.25, pictured in Fig. 1,
consist of four B(2p) ±C(2p)s band cylinders with very
small kz dispersion,and a p bandFS. The s cylindersare
similar to thosein MgB2, with four cylinders~insteadof the
two in MgB2) arising from the doubling of the unit cell
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alongc dueto alternatestackingof B-C layers.The phonon
energies and EP matrix elementshave beenobtainedfrom
linear-responsetheory,25 as implementedin Savrasov's full-
potential linear muf®n-tin-orbitalcode.26,27 Becauseof the
emphasishereon speci®cFermi-surfaceeffects,a densegrid
of Q pointswaschosen~a 16,16,4grid giving 90 Q pointsin
the irreducible wedge!. For k-space integration, a ®ner
32,32,8grid wasused,togetherwith anadaptivetetrahedron
integration scheme.26 The code was used previously for
MgB2 by Andersen's group,6 wheretheneedfor carefulzone
samplingwasalsoemphasized.

For the semiconductingphase,the E2g phonons~Fig. 2!
are very hard, lying at 150 meV at the G point and not
dispersing greatly. This high bond-stretchingfrequency,
twice ashigh asin MgB2, is dueto themuchstrongerBu C
bond,9% shorterandhavinga 40% larger deformationpo-
tential for the s bands.24 The spectrumis indicative of a
stable,strongly bondedmaterial.For x5 0.25, whereit has
becomea metal~Fig. 2!, thereis rathera little differencein
thespectra,exceptfor Qi , 2kF' p /3a (Qi is thecomponent
of thephononwavevectorQWlying in theplane!. Within this
region, however, the four E2g-relatedmodesdisplay a pre-
cipitous Kohn anomalyat 2kF , and dip nearly discontinu-
ously by 40%. ~The decreasein v 2, which directly re¯ects
the renormalization,is nearly 65%!. Closely relatedrenor-
malizationof phononmodesin the Mg12 xAl xB2 systemhas
beennotedby Renkeret al.28

In Fig. 3, thephonondensityof states~DOS! for x5 0 and
x5 0.25 are contrasted,and also the calculatedEP spectral
functiona 2F(v ) for x5 0.25is comparedwith theDOS.For
the DOS, doping movesthe modesin the frequencyrange
135±155 meV to lower frequency;only from the dispersion
curvesof Fig. 2 is it clearwheretheyendup ~in the85 meV
region! becausethesemodesare near the G point where
phasespaceis small. The curve for a 2F(v ) demonstrates
what results:a tiny fraction of modes~quanti®edbelow! in
the 85 meV regionareextremelystronglycoupledto the s
bandholes,and leadsto an inordinatelystrongcontribution
to l , whosetotal value calculatedfrom a 2F is 0.74. Al-
though about half of the coupling arises from all other
modes,it is the extremelystrongcoupling of small-Q E2g
modesto s holesthat drivesTc , just as in MgB2. The cal-

FIG. 1. Fermi surfacesof Li0.75BC, with the G point at the
centerof thehexagonalzone.Therearefour cylinders,analogousto
the two cylindersin MgB2 but downfoldeddueto the doubledunit
cell. The noncylindricalsurfacearisesfrom the weakly coupledp
bands.

FIG. 2. Calculatedphonondispersioncurvesfor ~top! semicon-
ducting LiBC and ~bottom! strongly hole-doped and metallic
Li0.75BC, with E2g-derivedmodesconnectedby heavy lines. The
primary differenceis the extremelystrong renormalizationdown-
ward(v Q

2 decreasesby ; 60%) for Q, 2kF ; theextremevanHove
singularitiesalongG2 K, M2 G, A2 L, H2 A areapparent.

FIG. 3. PhononDOS for LiBC andLi0.75BC ~top panel! where
the primary differenceis the disappearanceof modesin the range
135±155 meV upon doping ~from Fig. 1, they mostly lie in the
80±90 meV region!. The shapeof F(v ) anda 2F(v ) for Li0.75BC
~bottompanel! revealingthe extremelystrongcouplingto phonons
in the 85±100 meV range.
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culatedvalueof Tc usingtheAllen-Dynesequation29 is 34 K
assumingm* 5 0.09ashasbeenusedpreviously10 to obtaina
numericalagreementwith the observedTc for MgB2. Solu-
tion of the anisotropicEliashberg equations10 would give Tc
severaldegreeshigher.

Thecirculars Fermisurfacesof MgB2 andrelatedmate-
rials allow ananalytictreatmentof EPcoupling.Thephonon
energies(\ 5 1) aregivenby thepolesof the latticeGreen's
function,

v Qn
2 5 V Qn

2 1 2V QnP s ~Q,v Qn! , ~1!

wherethe referencefrequencyV Qn includesall self-energy
effects exceptthosearising from electronscatteringwithin
the s bands; practically speaking,they are the energies
shownin Fig. 2 for undopedLiBC. Taking for simplicity a
singlecylindrical Fermisurfacewith N(«)5 m* /2p perspin
per unit area,and consideringthe E2g derivedmodesonly,
the phonon self-energy due to the s carriers is (h Q
[ Qi /2kF)

P s ~Q,v !52 2(
k

uM k,Qu2
f k2 f k1 Q

«k1 Q2 «k2 v 2 id
,

ReP s ~Q,v Q! ' 2 2uM2gu
2N~«F!xÃL

2D~Q! , ~2!

xÃL
2D~Q!5 u~12 h Q!1 @12 A12 h Q

2 2#u~h Q2 1! . ~3!

Here,f k[ f («k) is theFermioccupationfactor, andtheusual
adiabaticapproximationhasbeenmade.A mean-squarema-
trix elementhas beenextractedfrom the sum, leaving the
unitlessLindhard function xÃL

2D .30 The negativeof xÃL
2D(Q)

has much the form that is evident in the softenedE2g
brancheswith Q, 2kF in the bottom panelof Fig. 2. This
behavioris illustratedby plotting v Q given by Eqs.~1!±~3!
in the bottompanelof Fig. 4.

The`̀ model '' l Qn
31 for theE2g modes,de®nedsuchthat

it is an intensivequantitywhoseaverageover the zoneand
over the Nn branchesgives l 2g (l 5 l 2g1 l other), is

l QW5
2Nn

p N~«F!

gQ

v Q
2

, gQ5 p V QuM2gu
2j ~Q! ,

j ~Q!5 (
k

d~«k!d~«k1 Q! [ N~0! 2
ABZ

AFS

jÃ~Q/2kF!

p
, ~4!

wherejÃ(h )5 h 2 1(12 h 2)2 1/2u(h )u(12 h ). Here,ABZ , is
the basal area of the Brillouin zone ~BZ! and AFS
5 p (2kF)2 is a doping-dependentareaof renormalizedE2g
phonons.Q! 0 requiressomewhatmorecare32 but involves
negligiblephasespacefor the presentpurposes.The impor-
tantfeature,asidefrom themagnitude,is thatthesemodel 's
scaleinverselywith kF

2 asillustratedin Fig. 4, diverging for
vanishings hole doping and indicating the breakdownof
conventionalEPtheory~seebelow!.

For Q, 2kF , v Q andV Q arenearlyconstant,soEqs.~1!
and~2! canbesolvedfor uM2gu

2 andsubstitutedinto Eq. ~4!
to providea simpleexpressionfor themodel Q (Q, 2kF) in

terms of (V 2g
2 2 v 2g

2 )/v 2g
2 . Similar expressionhave been

usedfor Nb-Mo alloys33 and for Pb alloys34 to relate l to
phononsoftening.Thereis a simplerway to obtaintheaver-
agemodel for E2g phonons.The total contributionis that
obtainedfrom the 85±100 meV region~seeFig. 3! of a 2F,
l 2g5 0.4. This arisesfrom an averageover all phonons,but
only thosein 3/40of theBZ (Q, 2kF) andtheupperfour of
18 of the branchescontribute. Hence, the mean is l̂ Q

2g&
5 0.43 (40/3)3 (18/4)' 25. The full Q dependenceof the
model Q for theE2g branchesis givenby Eq.~4! andshown
in the top panelof Fig. 4. The meanmodel from all other
phonons~equal to their contribution to l since it includes
98% of all modes! also is l other' 0.4, accountingfor the
total l 5 0.74obtainedfrom a 2F.

The phonon relative half-width31 becomes gQ /v Q
; 0.5l Q / l̂ 2g&; 0.5, an alarming result ~this ratio is typi-
cally 102 2±102 3) that re¯ects the fact that this phonon
branchis so ill de®nedfrom the extremelystrongEP cou-
pling suchthattheMigdal theory~andtheEliashberg theory!
is no longerjusti®ed.Evenso, this roughestimateis consis-
tent with the large observed half-width15±18 of
125-175cm2 1 for the 600 cm2 1 bond-stretchingmode,in-
dicatingthat the large linewidth andits strongincreasewith
temperatureis due to EP coupling ratherthandue to anhar-
monicity, and the same conclusion has been reachedby
Shuklaet al.23

Now, we summarizeand discusssome implications of
theseresults.Useof Li12 xBC hasallowedus to identify and
quantify thedrasticphononsofteningarisingfrom theultras-
trong EP coupling to E2g modes;comparablephenomena
occuralso in MgB2. Mode l 2g's ' 25 and linewidthscom-
parableto the frequencypoint to inadequaciesof conven-
tional EP theory for these systems.Shukla et al. have

FIG. 4. Characteristicsof the 2D ~two-dimensional! electrons
~seetext! stronglycoupledto E2g modes.Bottompanel:E2g branch
versusQ; referencebranchV Q andrenormalizedbranchv Q as in
Eqs.~1!±~3!, for threedifferent valuesof 2kF . Top panel:Corre-
spondingvaluesof themodel Q givenby Eq. 4, for thesamethree
valuesof 2kF .
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reported23 measurementsof speci®cfrequenciesand line-
widths of MgB2 from inelastic x-ray scattering.For ®ve
small-Qi E2g phonons with frequencies in the
500±550 cm2 1 range, they obtained relative linewidths
gQ /v Q' 1/3, very consistentwith our results above. For
thesemodes,the averagel Q5 26 ~when normalizedas we
have done! are again exactly in line with the expectations
outlinedabove.

This extremelystrongandabruptlyQ-dependentEPcou-
pling providesa differentinsight into therelationshipof lim-
its on Tc and lattice instability.35 A previousstudyhadpro-
ducedboththeargumentsthattheincipientlatticeinstabilites
are helpful33,34 for Tc , and that they are unhelpful because
the low-frequencymodesare less useful for high Tc than
higher frequencies~of the order of 2p Tc).

36 The lack of
explicit dependenceof l 2g on kF indicatesthat the increase
in Tc with dopingwill ariseonly from anincreaseof m* ~the
heavyhole massincreasesby 25% from x5 0 to x5 0.5) or

increaseof uM2gu
2, either of which will further soften the

E2g modesand move the systemcloserto instability. What
changesrapidly with doping is the coupling strengthof the
E2g modes with Q, 2kFÐthe same total EP coupling
strength is concentratedinto increasingly fewer bond-
stretchingmodesat lower dopinglevels.Thus,in this system
~wherethe two dimensionalityof the electrondispersionis
central!, changeof the doping level can lead to large redis-
tributions of coupling strengthwithout any direct effect on
Tc itself. Thesefeatures,arisingfrom extremelystrongcou-
pling, apply to Mg12 xAl xB2, where unexplainedstructural
anomaliesoccur, as well asto Li12 xBC.
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