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Wide gap Chern Mott insulating phases achieved by design
Hongli Guo1,2, Shruba Gangopadhyay3, Okan Köksal4, Rossitza Pentcheva4 and Warren E. Pickett5
Quantum anomalous Hall insulators, which display robust boundary charge and spin currents categorized in terms of a bulk topological
invariant known as the Chern number (Thouless et al Phys. Rev. Lett. 49, 405–408 (1982)), provide the quantum Hall anomalous effect
without an applied magnetic ﬁeld. Chern insulators are attracting interest both as a novel electronic phase and for their novel and
potentially useful boundary charge and spin currents. Honeycomb lattice systems such as we discuss here, occupied by heavy
transition-metal ions, have been proposed as Chern insulators, but ﬁnding a concrete example has been challenging due to an
assortment of broken symmetry phases that thwart the topological character. Building on accumulated knowledge of the behavior of
the 3d series, we tune spin-orbit and interaction strength together with strain to design two Chern insulator systems with bandgaps up
to 130 meV and Chern numbers C = −1 and C = 2. We ﬁnd, in this class, that a trade-off between larger spin-orbit coupling and strong
interactions leads to a larger gap, whereas the stronger spin-orbit coupling correlates with the larger magnitude of the Hall conductivity.
Symmetry lowering in the course of structural relaxation hampers obtaining quantum anomalous Hall character, as pointed out
previously; there is only mild structural symmetry breaking of the bilayer in these robust Chern phases. Recent growth of insulating,
magnetic phases in closely related materials with this orientation supports the likelihood that synthesis and exploitation will follow.
npj Quantum Materials (2017)2:4 ; doi:10.1038/s41535-016-0007-2

INTRODUCTION
The honeycomb lattice,1,2 particularly in conjunction with its Dirac
points and two-valley nature in graphene,3 has provided the basic
platform for a great number of explorations into new phases of
matter and new phenomena. Yet the single band, uncorrelated
case of graphene is only the simplest level of what can be realized
on honeycomb lattices. The recognition that a perovskite (111)
bilayer of LaXO3 encased in LaAlO3 (we use the notation 2LXO for
an X bilayer, X=transition metal [TM]) provides a honeycomb
lattice that led to a call for engineering ( i.e., design) of a Chern
insulator in such systems.4,5 The origin of the buckled honeycomb
lattice is depicted in Fig. 1. A number of model6–9 and materialspeciﬁc studies10–16 have probed the possibilities that such
systems may offer. The advent of (111)-oriented growth of
oxides17–25 provides a new platform for design of new materials,
and especially Chern insulators.
The degree of generalization from graphene is huge. Graphene
has a hopping amplitude, or equivalently a velocity, that sets the
energy scale, and a two-valley degree of freedom. 2LXO, on the
other hand, presents a multi-orbital system with a number of
additional degrees of freedom: intraatomic Coulomb repulsion U
and Hund’s rule spin interaction JH, cubic crystal ﬁeld splitting Δcf,
trigonal crystal ﬁeld splitting δcf, spin-orbit coupling (SOC)
strength ξ, orbital-dependent interatomic hopping amplitudes,
and band ﬁlling nd. Altogether, these couple to the lattice to
provide two more scales, the Jahn-Teller (λJT) and breathing (λbr)
distortion strengths. This list includes more than ten parameters,
and the treatment of them from a model Hamiltonian viewpoint,
even within mean ﬁeld, is formidable. Some of these energy scales

have been included in model studies,9 but the coupling to lattice
that we ﬁnd to be a determining factor is too intricate for model
Hamiltonian studies. Interplay of U with large SOC fulﬁlls the
requirements of proposed Chern Mott insulators with bandgaps
an order of magnitude larger than those studied so far.
An efﬁcient design strategy must seek to identify promising
candidates. The density functional theory (DFT) approach is able
to treat all the complexities mentioned above straightforwardly as
a part of the electronic structure problem, including other factors
such as Madelung potential effects. Also, requiring the choice of
atoms from certain classes in the periodic table reduces the scope
of the design process from a continuous ∼10 dimensional space
to a Diophantine set, and presents clear opportunities to
experimentalists. For speciﬁc realizations (here, atom X) the many
energy scales are known or determined self-consistently. DFT+U
treatment requires examination of a few types of likely order
parameters (charge, spin, orbital, structural), but the possibilities
are also constrained by the vast accumulated knowledge of how
TM ions behave in oxides, so the computational complexity
becomes manageable. Dynamical correlations may need to be
incorporated separately, but they are unrealistic without detailed
input from DFT on the symmetry-broken ground states.12
Is there a “design” in this system that can be efﬁcient and
effective? Two of the current authors have carried out a systematic
study of the entire sequence of 3d TM ions on this buckled
honeycomb lattice.14 In three cases X = Ti, Mn, and Co, a Chern
insulating phase was obtained as U was varied and the structure
relaxed,14 but the combination of relatively large U∼5 eV and
accompanying symmetry-breaking distortion resulted in trivial
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Fig. 1 Geometry of this honeycomb lattice system. a Side view of one cell of the (LAO)4/(LXO)2(111) superlattice. b Top view of the 2LXO
bilayer forming a buckled honeycomb lattice (lower right) from bilayer of Os cations. Blue sites lie in a plane above the plane containing the
pink sites

Table 1.

Characteristics of the ground states of the d5 buckled
honeycomb systems 2LFeO, 2LRuO, and 2LOsO, fully relaxed
(P1 symmetry) and including SOC, for each of the two lattice constants
2LFeO

aLAO

aLNO

Gap (meV)

2478

2510

Chern number

0

0

ΔzM,M′ (Å)

2.32

2.28

morb(μB)

0.03, 0.03

0.02, 0.02

msp

0.94, 94

0.95, 0.95

2LRuO

aLAO

aLNO

Gap (meV)

150

132

Chern number

0

−1

ΔzM,M′ (Å)

2.43

2.41

morb(μB)
msp

0.08, 0.16
0.99

0.16, 0.16
0.99

2LOsO

aLAO

aLNO

Gap (meV)

46

115

Chern number
ΔzM,M′ (Å)

2
2.52

0
2.40

morb(μB)

0.19, 0.19

0.14, 0.13

msp

0.81

0.71

Nonzero Chern numbers and corresponding gaps are in boldface, zero
Chern numbers and corresponding gaps are in italic. The results for 2LFeO
are for the low spin Fe conﬁguration, for comparison to to the same
conﬁguration of the other two systems. The lower energy high spin results
14
were presented previously.
pﬃﬃﬃ ΔzM,M is the separation of the two metal (Ru
or Os) layers, equal to a= 3 for an unrelaxed structure with lattice constant
a. morb is the orbital moment of each of the inequivalent metal ions. msp is
the spin moment per ion (half the total).
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Mott insulating ground states. A lively interplay also was observed
between pseudocubic local symmetry (each cation lies within an
octahedron of six O ions) and global trigonal symmetry of the ideal
lattice.12,14
These studies however provided important guidance for design
of Chern phases in buckled honeycomb lattices. The emerging
design principles became: (a) focus on systems that promote a
Dirac point at K in the symmetric phase, (b) avoid large symmetrybreaking effects such as the Jahn-Teller distortions that destroyed
the Chern phases in the 3d systems, (c) vary the strain, as
electronic conﬁgurations are sensitive to strain, and (d) increase
the SOC strength, as it extends the band entanglement over a
proportionately greater energy and can be expected to retain
entanglement with larger gap. Item (a) is the underlying feature
that has made this system such a promising one.4 Item (b)
indicates that the repulsion U, which also tends to enforce
anisotropic, Jahn-Teller-active ions, should be decreased from the
3d value. Item (c), sensitivity to strain, has been found in many
studies to inﬂuence electronic conﬁgurations at interfaces, with its
inﬂuence on topological nature yet to be quantiﬁed. Item (d) is
widely postulated, making 5d systems the focus of searches for
Chern insulators. We have applied these design principles to
explore 4d and 5d 2LXO bilayers, ﬁnding Chern insulating ground
states for both the osmate and the ruthenate members, with gaps
up to 30 times larger than previously designed TMO Chern
insulators: ultrathin VO226,27 and CrO228 layers with calculated
gaps of 2 meV and 4 meV respectively.
Interest in 5d ions on the honeycomb lattice has focused
primarily on the Ir ion,10,11,18,21 which is not a part of this study. We
consider speciﬁcally the 3d→4d→5d sequence of ions; for d4: Mn,
Tc, Re; for d5: Fe, Ru, Os. With the considerable changes vs. size
and chemistry of the TM ion, we have found that the favorable
cases shift from one column (d4) to the next (d5) in the periodic
Published in partnership with Nanjing University
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table. 2LOsO, with smallest U and largest SOC, might be the ﬁrst
guess as the most promising candidate. Unexpectedly, we ﬁnd
that the intermediate 4d Ru ion provides the most promising
candidate of Chern insulator in this structural class.
For SrIrO3 iridates (also d5), there are competing indications
whether the bilayer perovskite platform will be both ferromagnetic (FM) and insulating as required for a Chern insulator, or
rather will assume some less desirable conﬁguration.10,17,22 It is
highly encouraging that (111)-grown SrIrO3 and (Ca,Sr)IrO3 have
been synthesized, with the former found to be magnetic and
insulating.18,22 We provide below detailed predictions that, once
all effects are accounted for, 2LRuO and 2LOsO buckled
honeycomb lattices will be Chern insulators with substantial gaps.
RESULTS
DFT+U calculations (see the Materials and Methods section and
Ref. 14) have been performed for the 4d candidates X = Tc and Ru,
and the 5d examples X = Re and Os, in the Mn d4 and Fe d5 columns
respectively. Two in-plane lattice constants are considered, LaAlO3
(LAO) denoted aLAO (3.79 Å) and LaNiO3 (LNO) denoted aLNO (3.86 Å),
differing by only 1.8%, still this amount of strain is found to tip the
balance between Chern and trivial ground states. Previous DFT
studies on Os based oxide compounds adopted values of U in the
range 0.8–3 eV.25,29–31 We use UOs = 1 eV, URu = 3 eV, UFe = 5 eV, and
ﬁnd that results are not very sensitive to reasonable variations
around these values. The data in Table 1 include those for low spin S
= 1/2 Fe, for comparison with Ru and Os. The low spin Fe
conﬁguration is 0.5–0.6 eV higher in energy than the high spin
state depending on strain, and both FM conﬁgurations are higher in
energy than the AFM ground state discussed previously.14 Whereas
the high spin ion is spherically symmetric (hence not subject to
Jahn-Teller distortion), the low spin state will be more susceptible to
structural change.
Substantial differences due to transition metal size and chemistry
are evident. In the 3d series, 2LMnO provided the most instructive
example, by transforming from a Chern insulator phase to a trivial
insulator, during which a JT distortion closes the Chern gap and then
reopens a trivial gap. The isovalent partners X = Tc and Re can be
dismissed. Tc3+ is FM but with considerable band overlap, while we
did not ﬁnd Re3+ to support magnetism in these bilayers.
Moving to the d5 column (see Table 1), low spin FM 2LFeO is a
trivial insulator with a large gap ∼2.5 eV for both values of strain.
The low spin conﬁguration is 0.4–0.5 eV/Fe higher in energy than
the high spin state, hence unlikely to be synthesized. We ﬁnd that,
unlike 2LFeO, 4d 2LRuO and 5d 2LOsO do not support a high spin
state, due to weaker correlation effects than those that occur in Fe.
The resulting single hole in the low spin t2g subshell reduces the
orbital occupation complexity compared to the two-hole d4 ions,
but still shows important ′ ﬂexibility because the trigonal crystal
ﬁeld splitting of a1g and eg is sensitive to the strain provided by
the substrate. The smaller exchange splitting of the low spin ion
promotes the tendency to topological entanglement: by lessening
the energy separation between opposite spin bands, SOC can
enforce stronger entanglement.
For both Os and Ru, and for both lattice constants considered,
restricting symmetry to P321 (i.e., symmetry equivalent X sites)
and including SOC led to Chern insulating phases, as for the 3d
cases X=Ti, Mn, and Co.14 With the open d shell and the spectrum
being gapped by U, these are FM Chern Mott insulators. We
restrict our discussion now to the relaxed, symmetry broken
(inequivalent X sites) ground states,12,14 conﬁrming the earlier
results in the 3d series that full relaxation is essential to make
realistic predictions. The basic ground state data, including that of
low spin Fe for contrast, are provided in Table 1. Figure 2 presents
the band structures for 2LOsO and 2LRuO, ﬁrst without (left
panels) and then with SOC (right panels), for both values of the inplane lattice constant.
Published in partnership with Nanjing University

The Os3+ formal valence state, as in LaOsO3, is known as an
unstable valence state for solid state synthesis, and LaOsO3 is not
a reported compound. However, epitaxial methods have been
established to enable synthesis of several layers of materials that
cannot be grown in thermodynamic conditions. LaRuO3, on the
other hand, has been grown by both solid state32 and
epitaxial33,34 methods since earlier reports of bulk synthesis.35,36
Since LaRuO3 is relatively little studied, it offers an additional
opportunity of adding another compound to the family of
important transition metal oxides (Fig. 3).
The orbital moments of the Os1 and Os2 ions are similar, 0.19 μB
for aLAO decreasing to 0.14 μB for aLNO. Spin mixing by SOC
reduces the total spin moment to 1.5 ± 0.1 μB. The gapless band
structure for aLNO becomes gapped to 46 meV for aLAO, and the
Chern number C = 2 establishes that the desired Chern insulating
state has been found. As shown in Fig. 2, not only is 2LOsO
metallic before SOC is included, but a narrow peak in the DOS at
EF (see the Supplemental Information) reﬂects a ﬂat band region
nearly coinciding with the Fermi level. For the 3d series, SOC
leaves bands mostly intact, only opening gaps at the Dirac point
and quadratic band touching points, and opening anticrossings. In
2LOsO, SOC is very large and, as mentioned, bands before SOC
cannot be lined up by eye with bands after SOC, i.e., entanglement
is extensive. Thus for 5d ions, gaps are opened by widespread
band rearrangements rather than by simple anticrossings. For
2LOsO, a very signiﬁcant effect of the substrate lattice constant is
that the distance between Os1 and Os2 layers, 2.52 Å for aLAO,
reduces to 2.40 Å for aLNO.
Chandra and Guo37 have considered several 4d and 5d ions in
this same buckled honeycomb lattice, encased in either LAO or
SrTiO3, including Os but not Ru. In their studies the lattice was
restricted to trigonal symmetry, and using GGA (generalized
gradient approximation for the functional) only rather than GGA
+U. The one Chern insulator they reported was this same 2LOsO
bilayer, with a similar band structure near the gap and even a
similar gap although restricted to P321 symmetry. The similarity of
their results to ours provides evidence that these predictions for a
relatively mildly correlated materials are not highly sensitive to
theoretical choices. Chandra and Guo did not, however, vary the
strain and discover the strong strain dependence of the Chern
insulating character.
2LaRuO3
For 2LRuO at aLAO without SOC, Figure 2 shows a tiny gap along
Γ−M near M, and an evident band inversion at M but apparently
not at M′ where there is a substantial gap. After SOC, the FM
insulating state is preserved but trivial, so the apparent band
inversion is not effective in producing a topological phase. The
aLNO case is the most interesting. The half metallic FM band
structure becomes, upon including SOC, a C = −1 Chern insulator
with a 132 meV gap. The spin direction is along the ^c-axis (cubic
[111] direction), for which the energy is 22 meV/Ru less than for
spin oriented in-plane. For comparison, the larger SOC of Os
results in a larger MAE of 37 meV in its Chern phase. Conversely,
the smaller SOC of Fe results in orbital moments and MAE an order
of magnitude smaller than in Ru.
The main change in orbital occupation upon rotation into the
plane is the transfer of 0.06 electrons from m = −2 to m = +2
orbitals. Since the quantization of these orbitals is with respect to
cubic [111], this change is not directly related to the orbital moment
for spin in-plane. Note, both from the data in Table 1 and the near
symmetry of K and K′, and M and M′, in the ﬁnal bands in Fig. 2 that,
as for 2LOsO, the Chern phase is very modestly distorted from
P321 symmetry. Notably, the magnetic anisotropy energy (MAE) is
almost an order of magnitude smaller (3 meV) for 2LRuO at the
smaller LAO lattice constant (C = 0) where the sublattice symmetry
is more strongly broken (see Table 1). The larger MAE can be
npj Quantum Materials (2017)
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Fig. 2 Top four panels: band structures of the fully relaxed buckled bilayers corresponding to lattice constant aLAO, for both 2LOsO and
2LRuO. Majority and minority bands are plotted in blue and yellow, respectively. Left panels, before including SOC; right panels, with SOC
included. Lower four panels, analogous plots for aLNO. Note that SOC converts the half metallic FM spectrum for 2LOsO to the gapped Chern
insulator C = 2 phase
′

attributed to the retention of eg quasi-degeneracy in the nearly
symmetric Chern phases, which contributes to large anisotropy.38
The separation ΔzM,M′ = 2.42 ± 0.01 Å of Ru layers in 2LRuO
depends only weakly on the substrate lattice constant. At aLNO,
npj Quantum Materials (2017)

the Ru1-Ru2 inequivalence is small so the difference in orbital
moments is minor, and the spin moment is hardly reduced by
SOC. Before SOC is included a peak in the DOS (see Supplementary
Information) lying at EF appears as for 2LOsO at aLAO. The band
Published in partnership with Nanjing University
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Fig. 3 Fat band plot highlighting the a1g character at the aLAO lattice constant. The remaining character is primarily e′g . The Chern phases have
large a1g hole character, which as these results demonstrate is sensitive to strain

giving rise to the peak is shifted by SOC (see below), resulting in a
gap of 132 meV and a C = −1 Chern insulating phase. For 2LRuO at
aLAO, the two Ru sites show larger differences in orbital moments,
0.08 vs. 0.16 μB, see Table 1. SOC opens a large gap of 150 meV,
but to a trivial insulator state. This last result suggests that the
larger gap makes it impossible to sustain the band inversion and
spin entanglement that is needed
for the QAH phase.
!
The Berry curvatures Ωz ð k Þ of the two sister Chern bilayers,
pictured in Fig. 4, reﬂect very different distributions (as well as
opposite signs). 2LOsO contains high and narrow peaks,
distributed almost symmetrically around the K points along lines
toward the three neighboring M points. The peaks lie near the
minimum gap, a common occurrence. For 2LRuO, the seemingly
minor breaking of three-fold symmetry becomes very obvious in
Ωz. The most intense peak arises near one M point, just off the
M−Γ line, and a secondary peak occurs in a similar position relative
to the M′ point. The fraction of area that contributes to C = −1 is
considerably larger in 2LRuO than that leading to C = 2 in 2LOsO.
DISCUSSION
Both 2LOsO and 2LRuO exhibit the sought-for Chern insulator
(quantum anomalous Hall) state, with Chern numbers and gaps
C = 2, 46 meV and C = −1, 132 meV, respectively, occurring for
different choices of substrate. The magnitude of C suggests a
guideline that larger values result from larger moments and strong
SOC, as long as topological character can be maintained.39 The
strong dependence on lateral strain demonstrates that strain offers
a means to manipulate Chern insulating phases as well as to
engineer other properties, such as the Fermiology and superconductivity in Sr2RuO4 thin ﬁlms.40 For both Os and Ru, larger
Published in partnership with Nanjing University

orbital moments arise in the Chern phase than in the trivial state.
Figure 3, emphasizing the bands of a1g character (the rest of the
character is e′g ) illustrates critical effects of strain. Strain interchanges a1g with e′g character of the hole dramatically, and in both
cases it is the one with strong a1g hole character that promotes the
Chern insulating phase. This result is consistent also with the
observation that the Chern phases incur much less distortion than
the trivial phases, because an a1g hole is nondegenerate.
Additional regularities can be observed. Both 2LOsO@aLNO and
2LRuO@aLAO in Fig. 2, before accounting for SOC, show an
uppermost occupied band lying at EF that is ﬂat over much of the
zone. These are the cases with smaller orbital moments and they
have larger gaps once SOC is included, and they are also the trivial
insulating states. The other two cases—the Chern phases—are
mildly symmetry broken from threefold symmetry. The Dirac point
at K in the unoccupied bands of 2LRuO is hardly gapped at all, and
the orbital moments of the two sites are identical. In this way they
resemble their 3d counterparts X = Ti, Mn, Co for imposed
threefold symmetry. The spectrum is topological, but when
symmetry is broken more strongly, entanglement is lost. This
result is what our “pre-design” (on the series of 3d ions) had led us
to conclude.14 A signiﬁcant new result is that the topological
nature can be tuned with even a modest amount of strain.
Our main result is that the Ru buckled honeycomb layer
provides, after full relaxation, a QAH (Chern) insulator with a gap
of 132 meV. Secondarily, the isovalent Os bilayer provides a Chern
insulating state with a gap of 46 meV. The calculated anomalous
Hall conductivities correspond to Chern numbers C = −1 and
C = +2, respectively.
As mentioned in the Introduction, strong interaction U, large
SOC ξ, and strain and the associated local symmetry are coupled
npj Quantum Materials (2017)
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Fig. 4 Surface plot (left) and 2D projected colorplot (right) of the Berry curvatures Ωz ð k Þ of (upper) 2LOsO (C = 2) and (lower) 2LRuO (C = −1).
The character of Ωz is very different for the two Chern insulating states

in their impact. A schematic phase diagram is presented in Fig. 5
in (strain,U,ξ) space. Isovalent Ru and Os lie along a line of
probable Chern phases, as pictured. However, since the Chern
number changes between the established points, either (1) the
gap must close and then re-open with a different Chern number,
or (2) a ﬁrst-order phase transition must occur, which cannot be
foreseen without an accurate theory of the free energy. Ru-Os
alloy bilayers evidently provide a rich region for further study.
Fortunately, high quality (111) ﬁlm growth of this kind has been
reported for iridates,18,22 making synthesis and applications with
Os and Ru quite promising. We hope that these results will
stimulate intense experimental study of these materials.
MATERIALS AND METHODS
The design of these Chern insulating phase has built upon earlier trend
studies of the corresponding 3d series of buckled bilayers,14 with
indications of Chern phases ﬁrst observed in the study of the nickelate
system.13 The sensitivity to the local environment had been observed in
the study of the corresponding titanate system.12 The extension to 4d and
5d ions naturally indicated the use of the same DFT-based electronic
structure methods. The Wien2k code,41 based on a general potential, allelectron linearized augmented plane wave basis set, forms the basis of our
computational method. The generalized gradient approximation (GGA)42
was chosen for the exchange-correlation functional, supplemented by
mean-ﬁeld electronic correlations as described by the GGA+U functional.43
In line with earlier work on the corresponding bulk oxides, the intra-atomic
repulsion strengths were chosen as UOs = 1 eV, URu = 3 eV, and
Hund’s coupling J = 0.5 eV was used for both. The values for Fe were
UFe = 5 eV, J = 0.7 eV. U = 8 eV on the La 4f orbitals is applied to displace
them upward somewhat, in line with what is observed in inverse
photoemission data. The computational results were found to be robust
npj Quantum Materials (2017)

with respect to reasonable variations of the onsite Coulomb repulsion
strength.
The inﬂuence of strain was investigated by setting the lateral lattice
constant separately to those of LAO and LNO, aLAO = 3.79 Å or aLNO = 3.86
Å, simulating superlattices grown either on an LAO(111) substrate, or an
LNO substrate with +1.8% relative strain. The out-of-plane lattice
parameter c was ﬁrst chosen to be that of (LaNiO3)2/(LaAlO3)4(111) studied
by Doennig and co-authors13, then the c lattice parameter was optimized
and the atomic coordinates were relaxed to minimize the energy,
consistent with the imposed symmetry. Speciﬁcally, octahedral tilts and
distortions were allowed when obtaining the ﬁnal results. Calculations
were ﬁrst done with symmetry constrained to space group P321 (threefold
rotation plus inversion), then unconstrained to P1 symmetry (no symmetry)
to obtain full relaxation.
A 20 × 20 × 6 k-point mesh was used for self-consistency. Structural
relaxations were carried out with SOC included. SOC was also included in
the electronic properties calculations with (001) as the spin direction (and
also with in-plane spin direction, to obtain the magnetocrystalline
anisotropy energy). Subsequently we used Wannier interpolation based
on maximally localized Wannier functions (MLWFs) to calculate the Berry
curvature and the anomalous Hall conductivity, and thereby to obtain the
Chern number.44–46
The Bloch wave functions were projected onto the d local orbitals of Os,
Ru, or Fe to obtain MLWFs,44 which serve as the basis for further analysis.
The MLWF-interpolated energy bands are in excellent agreement with the
Wien2k bands. The Berry curvature Ωz(k) is obtained from all bands below
the Fermi level beginning from the deﬁnition
Ωz ðkÞ ¼ 

occ unocc
X
X
n

m

2Im

hunk jv x jumk ihumk jv y junk i
ðεmk  εnk Þ2

ð1Þ

and performing manipulations required by the use of a ﬁnite set of
MLWFs.45 The Berry curvature is integrated over the Brillouin zone to
Published in partnership with Nanjing University
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Fig. 5 Schematic diagram in the substrate strain—repulsion U—spin-orbit coupling strength ξ space of the region explored in this work. The
area, linear in U, is provided for perspective. The long-dashed diagonal line connects the two Chern phases, as discussed in the text

obtain the anomalous Hall conductivity using
Z
e2 X
dk
e2
C;
σ xy ¼ 
3 f n ðkÞΩn;z ðkÞ ¼  
h n

h
BZ ð2πÞ

ð2Þ

where σxy = −σyx is the antisymmetric part of the conductivity. The Chern
numbers were computed by sampling a dense k-point grid of 300 × 300 × 50.
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