Enhancement of Superconducting Pairing by Inhomogeneity
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Inhamagrmesus swave superconductivity is studied in the twoedimensional, square lattios attm@e-
tive Hubbard Hamiltonian using the Bogalmbovede Gennes [Bd(3) mean field approdmation. We
find that st weak compling, and for densities maindy below hab-filling, inhanogeneity of the nter
actiom enhanoes the sero temperature paring amplitwde and that the superconducting ¥, cm alsa
ke significamtly incremied. Theie effects am olserved for stripe, checkerboard, amd even mndom
pattems af the attractive centers, suggmting this is a general effect. Monte Carlo cakeulatioms which
reintmaduce sane of the fuchmations neglected within the Bd G approach see the same en hance ment

bath for the attractive Hubbard model and a Hamiltonian with dewave pairing symmetry.

PACS numhers:

Che of the maln themes of recent studies ol strongly
correlated electronk systems Is the lm portance of spatial
Inhgmegemeiiles, These can mesult elther fom Inrinsle
quenched disorder In the system, as In the metal-insulator
tramsition in two dimensions|1, 2], or arise spontapemsly
In an gtherwise translatlonally Invariant system. For ex-
ample, hoks doped Into the high temperatume superoomn-
ductors, (HTH) appear not to spread out wnlformly in
thee Culdy planes, bt Instead arrange themselyes in the
form of stripes, checkerboard or perhaps even more ex-
otic structures. 3] Besides the cuprate superconductors,
sl spatially varyimg density and spin struciures are
also key features In the physics of the manganites [{] and
cobaltites. 5]

Conslderable tlworetical work on the Interplay be-
tween spatlal Inhomegenelty, magnetism, am soperoon-
ductivity has uwillised the mpulsive Hubbard and -0
Hamiltonians. 58] For the 20 square lattice these mod-
els are knmown to display antilerromag metlsm at hall-
fillimg, amd, although it is less certain, perhaps also d-
wave supercomlisctivity when doped. Thewe ls oonskd-
erable evidence that they also might pessess nlsmo-
geneous siripe or checkerboard ground states7T, 8] but
it appears that such phases are rather close In energy
to homegenems ones, axl dependent on detalls such
as the clalee of houndary comditions.  While DMR(G
treatments(7] provide detailed information on the real
spape charge, spin, amd palrimg orders, tle precke na-
ture of tle nterplay, and whetler the different orders
compete or cooperate, remals unclear. The enhanoe-
meent of the superonducting transition temperature T
by loeal Inbomogenedty has ako been demonstrated by
Martin et al., in Rel.[9] where they find that the inhomo-
genelty which & lncom mensurate with the Ferml surlace
nesting vectors enhances T compared to lts valee for the
uniform patiern.

In this paper we addmss the gemeral lssise of whether
Inhomogemeos reglons of attraction favor supercond -
tivity, elther by Increasing the sero temperatume palring
amplitude or the transitlon temperature. In many of the
systems for which this question ls Tundamental, such as
il cuprate superoonductors mentioned above, the sliva-
tlon B complicated by the presence of other types of order
such as antiferromagnetlsm, exoptle spl-gap phases, and
nontriviald-wave symmetry of the superconducting order
parameter. Rather than sing a model Tke the repulsive
Hubbard Hamiltonlan which neorporates this Tull rich-
ness, It s wselul 1o study the problem st In a more
slmple comext. Here we will present a solutlon of the
Inhomegeneos Bogollubov-de Genpes [Ba(z) equations
for the attractve Hubbard Hamilionian,
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with £ the hopplmg amplitude, o the cemical poten-
tlal amd [5 the leeal attractive lnteraction between the
fermioms of opposite spls eslding on the same lattice
glte ©. Or focus will be on Inhomogenoe s patterns in
the interaction [T, As has been discussed, [10] the inter-
actlon In the attractive Hubbard mode] can be thought
ol as a phenomenelogieal one, orlginating, lor eoample,
from Integrating out a local phomoen mode.

The two-dlmenslonal wnilorm  attractive Hubbard
mpedel 1 known to yleld degenerate supercomductivity
and charge demsity wave [CDW) long ramge order at
hall-flling and zero tempermture. [11] However, away Irom
hall-ling, the CDW pairing sy mmeetry ls hroken amd su-
pereonductivity s more favorable. Tle tramsition ls of
il Hosterlite-T ouless type with T = (.



Within the BE mean feld deopm position, we replace
il loeal pairvimg ampliiude and logal density by their
awverage valyes,

(s b = (el o}, (2)

and arrive at the quadratle effective Hamiionlan

Ai = (e )

Hyp= — 1 3 (oo el =3 el e

SAp

- Ll [telel, + Afesen] (3)

where i = p+ || i) /2 includes a slie-dependent
Hartree shift with {ng) = 3 _(ni). All energies am ref-
erenced to f = 1.

We compare the tendeney lor supereond ue tvity when
il system ls homogeneous, namely, tle same attractlon
—I7 peprs on all lattiee sltes, with cases when sites with
attraction are mixed with dies where tle atimetion ls
absent, Le, [I = (. Specifically, we have studled sys-
tems ln which —I7 slies ave randomly distdbuted on the
lattice [12] or arranged in checkerboard and stipe pat-
terns. In all these three Inlo mogenepus patterns, exactly
hall of the lattice slies carry Intemetion, apd the lnter-
acting sites carry twiee the valse of [7 as in tle case of
il wniform pattern. This cholee of Inhomopemelty rac-
tlon [acilitates comparison with checkerboard and stripe
patterns, which similarly divide inte two sublattioes of
equaal ske. However, the study of the case of more gen-
eral fractions of modom 7 = dtes 1s also Interesting.

For the case of random patterns, we mist repeatedly
dlagonaliee 8 matrke of dimension twiee the mimber of
spatlal sites, In order for the sell conslstency condltions
ol Eqg. 2-3 to converge and then to average owver differ-
ent disorder reallzations. This limits the system slee to
107 to 107 sites. On the other hand, for the perlodic
checkerboard and stripe patterns, the Hamillonlan he-
comes hleck diagonal in momentum space and we can
stidy lattices with mlllons of spatlal sites. This 1s im-
portant at small 5 where it B knpwn that inlte slee ef-
fegis can be more slgnificant, and where, as It turns ot
il Interesting enhancements of palring are spen in our
el

ThE comventiona] mean-field approach does not cap-
ture the Kesterlliez-Thouless nature of tle plase tran-
slthon In two dimensions. Newvertheless, as was shown
regently, this weakmess can be repaired wpon regarding
tlee loeal pairing amplitudes a5 compler varlables and
performing a findte tempers ture Monte Carle lntegration
over the assoclated amplitude and phase degroes of [Tee-
dom. [13] Unlke BCSH, this approach, referred to as the
Monte Carly mean feld [MOCMF), also allows ldentlfi-
cation of the weak and strong eoupling reglmes via the
plase eorrelation metion We will 1se this Monte Cardo
tochnigee as an ndependent confirmation of our mesulis.
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FI. 1: Varation of the mean mero temperature pairng an-
plitude & vemus mean mteraction {7, for {a) beknr half filling
[n=1L8), (b} half-filling {n = L), and {£) above half filling
{m = L23). There is a substantial enhamoement of A for weak
couplings and all types of inhomogeneities at m = (L8]0, There
isnapanng at 7 2 1 inthe checkerhoard case. For the stripe,
checkerhoard , and unifornn patterns, data are fully converged
an the momentum space grid. That is, data for the indicated
lat tice sioes e on top of each other. Far the ramdon pattern it
1% not pessible to study large lat o, and a single sime, L = 14
is showm. Panel [d) compares the MOME msults (7= 0) at
L = 10t with their Bdls comnberparts at L = 10, 500 and 1500
for the unifarm amd chedoer board patterns.

In Fig. 1, the mean pairing amplitude s plotted versis
mean Imeraction lor diferent Inhomogemseos patierns
and several eleciron dopings at T = (. For tle doplog
of 1= (L&, as depleied In panel [a), the Inhomoezeneiiy
enhancedsupereondue tvity In the reglon below the max-
I value of Oy = 20 with r = &g I A cnitorm-
At hall-filling In panel (b)), enhaneement for the stripe
pattern terminates at slightly smaller values of 7, _;) =
L5 and at the same time, the magnitude of A, _,, has
also diminisled. Moreover, there s an upper ¢ritical [T,
abowve which superconductivity s ohliierated by ot me-
gemelty. For the checkerboard pattern at hall-filling in
partigular, & beeomes zero as one enters the Insulating
CDW phase of statle pairs. The enhancement s even
Turther suppressed for the doplog of 1= 1.2 abowe hall-
fillig in panel ¢) for random and stripe patterns and A
for the checkerboard patiern stll wmains Infindtesimal
over almest the entire range of 7. Panel [d), makes a
comparison between tlhe MOCMF resulis, In which phase
M tuations have been Introsdsced Into the mean Geld cal-
culations with thelr Bz counterparis. For the lattlee
gloe of L= 1, results show satlalying agreement et ween
il two approaches. While the MOMF method remalns
limited to relatively small lattiee slees, Bz allows 15 to
Imvoke lattlee slees as large as L o= 1500 1o reduce the
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FIG. 2: Panel (a): the ratio v = Aged /Aeiioe = a
function of [f and different dopings of electrons at T = 0.
Panel {bl: the same resulis as for panel f(a) for the ratio
r = Mpripal 8yt - Fanel () painng amplitude (beyond
which the enhancement ceme) versus the electron doping.
The maximum value of coupling for which enhancement &
ahserved shifts to higher walues a8 n moves ovay from half-
filing. A factor of three to four enhancement for the mem
temperat ure pairing amplitwde can ocour due to iInhomogene-
ity at weak coupling. Lattice siwesof L = 1500 for the uniform

and L = 500 and 10 for inhomogeneons pat terns were uti
Jimel.

finite slee effects at small I valies, As olserved n panel
(d) ol Fig. 1, tle inlie slee eflecis are more slgnificant lor
the uniform pattern when 7 % 3.0 and Jess severe for the
checkerboard. The good agreement hetween these two
approaches lelps justlly both the application amd resulis
ol the Bd(z teehmlgue.

Fig. 2 DMstrates urther the ske of tlhe enhaneement
die to Inhomegeneliy by showing the ratle of the ln-
homegeneous eero temperature pairing am plitude to lis
homegeneoys wlue. Data over a hroad mpge ol densi-
tles are provided. For the checkerboard pattem In panel
[a), as the doping changes vom 1u = 0.2 to 0 = (L9, the
Interseetion polnt of the ratlo r = E'.d.&,-'ﬂ“am and
unliy line 1s shified towards smaller [7j,—y,. Preckely at
hall-fMling, A for the c¢heckerboard pattern vanlshes. For
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FIG. 3: Vanation of the paring amplitude weniug the mean
interaction F ot T = (. Panel (a) shows A as the average of
Ay amad A=y for the checkerhoand pattem &t m= 0.8 and
the same for stripes in panel [b). The enhamoement of pair-
ing by inhomagencity # seen to arde fron a proximity effect
wherely significant pair amplitude & mduced on the I = 0
sites by the L # 0 sitei. The region of pairing enhancement
disappears when the painng amplitwde on the f = 0 sites
tums over and beging to decoease. Lattioe s of L = 500
and N were utilied.

stripes, howewer, as shown ln pasel (b)), the enhancement
shilt towards smaller f?,,_“ continees at hall-illing and
also above hall-Mling up to almest 1 = L35 Pamel [(¢)
show s the value of the paling amplitude fi,,_“ as a lome-
thom of the electron doping. The enhancement lor hoth
il checkerboard amd stripe patierms s maximum near
7= (5%, making i ¢lose to an optimal doplog valise lor
enhaneenent.

The lack of superconductivity in the checkerboard pat-
tern at hall-filling ls asso¢iated with the formation of a
competing, Insdating CDW plase. This can he sepn di-
regtly In the density of states as & gap develops at the
Ferml energy desplite the [act that A, =0, The oocupa-
thon of sites in peal space becomes Indreasingly dsparate
as [7 Increases, with the glies with I7 # 0 hecoming Dully
packed with sy = 200, while the nor-interacting slies
become empty, fjp_g = 0. For stripes at hall-fling
alan, at large enough values of I superconductivity is
obliterated. Abowve hall-[lling, howewer, when tle or-
der parameter vankhes lor both the checkerhoard and
stripes, tle density of states remalns inlie at the Fermi
energy, Indicating a metallie phase.

The prximity effect lor the non-lnteracting sites
nelghbored by the Interacting sltes plays 8 major role
in the enhancement dwe 1o nbomoegenelty. In Flg 1,
parel ja), the enhaneoement of & for the checkerboard and
stripe patterns at n =08 terminates near ﬂ,,_“ == 2.
In panels [a) and (b} of Flg. 3, A lor hoth these two
patterns has heen plotied as the average of tle palring
amplitudes on Interacting and non-lnteracting dtes Due
to tle procdmity effect, even In the absence of Interac-
tlon on a lattiee site, there exkis a findte valie of pairiog
amplitude throueh the tunmeling effect [rom lis meigh-
horlng Interacting sltes. As olserved In pamek [a) and
(L) In Fig. 3, while Ay for hoth the checkerboard and
siripe patterns conslstently Increases as a functlon of [T,
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FIG. 4: Varation of the pairing amphtude versus tempemture
T far m = 0A8. Pane (2 A as a function of T far L =
L5 where inhonogeneity enhances supercomductivity for the
checkerbonnd and stripe patterns at T = 0 {Fig. 1, panel {a)].
Panel {b): the same rsulis for LF = 30, Lattice siss of L =
1501 for the unifonn and L = 500 and 1000 foar inhanogeneos
patterns were whlmmoed.

By IneTeases up o I?,,_“ = 200 where acoording 1o
panel (a) in Fig. 1, the enhancement terminates. Ayyy_g)
then [alls off for larger I7 values. Henve, while Agyy_g
Isereases with I, there s enhantement In supereomd -
tivity Tor the average of Ay and Ayy-op, Le., A

Inhomegeneliy alsg leads to the enbapcement of the
superoonducting tramsition temperature T.. Acoording
to Flg. 1, panel (a), at IF = L5, AT = 0) Iz enhanced
due to Inhomogenelty but at 7 = 30, the uniform pat-
tern wing over Inlomogenelty by ylelding a larger walue
of A, Flg. 4 [llustrates the collapse of A as the tem-
perature B Inereased lor the uniiorm, checkerboard and
siripe patterns. In panel (a) of Fig. 4 corresponding to
[7 = 1.5, the enhancement due o Inhomogenelty perskis
through all valses of Anolte T up to T which is slegnifi-
cantly larger lor the Inhomogenepus patterns, In pane
(b of Fig. 4 cormsponding to 7 = 30, at T =0, A
for the uniform patiern s slgnificamly larger than lis
Inhomegenemes coumterparts. However, because of the
substantial enhaneement of T, due to Inhomegemeity, lor
values of 08 = T %= 125, there exists an enhancement re-
glon for A for nbomogeneoys pattems. For the uniform
pattern, we find the T, in very good agreement with the
B value, BT, = (A7) LT, as expected lor our
meean feld treatment. Note that the the enhancement of
T, by Inhomogenelty would appear 1o be even more dra-
matle I we compared the Inhbomogeneoms curves against
thelr BOS coumterparts with the same AT = ). A
slmilar inerease In T upon Introdueeing a cheekerboard
pattern 1s found In the MOMFE calewlations as well due
to the loss of long-range phase colerence. Thi s par-
tleularly significant because the MCMF neorporates the
tlee subile mature of the supercond peting transtion ln 20
dicissed earller. We have also Independently confirmed
that our conelislons and arguments egually apply lor a
mpde] with mearest-nelghbor attraction, leading to a d-
wave 530 ¢lose to hall-illlng, which reflecis the cuprates’
phenomenolegy more truthfully [13]

E |

In spmmary, we have shown that lor the attractive
Hubbard model on a sguare lattioe, Inhomogeneity In the
pattern of interacting sltes resulis In the enhancement of
il supereonducting order parameter over a slgnificant
range of eleciron doplng and Interaction valpes This en-
haneement has heen verlfied specifically lor the cheeker-
hopard, stripe and random patterns amd In all 1Hhkelllsd
s a gemeral result. The enhancement Is dise to the pros-
Imity effect, Le., the tunmeling effect of the Cooper pals
from tle Interacting slies kading to finite grder param-
eter values even on non nteracting sltes. This eone luslon
Is sup ported by the enhaneement ooeorring at weak oma-
pling, where the coherenee length is large rather than in
the stromg coupling regioe of prelormed palrs. Bor the
checkerboard amd stripes, we find that the order parame-
ter assoclated with 0y, reaches 1ts maximum near the
doplng value ol 1 = (L5, belng eose to the optimum value
for 1. The ¢leckerhoard pattern at hall-ilisg shows lo-
sulating phase characterktis even at very amall Interae-
tlons and benee no superpondisctivity while lor thestripes
at hall-fling, the superconductivity perslsts up to a eer-
tain [T, before it vankhes, Both the checkerboard and
stripes at hall~iling exhibit CDW long rasge order at
large enough 7 values. Above hallfilling, the chogker-
hoard and stripe patterns are helleved 1o be In a metallic
plase when not supereonducting. The agreement Te-
twoeen the Bz results and the MOMF caleulations Justi-
fles the application and conelission of the BdG a pproach
within the small [T regime. Finally, Inbomogenelty 1s also
responsible lor the significant enhaneement n the phase
tramition temperature T Counterintultively, thls en-
hancement In T occurs even for values of [7 for which
the enlaneement of the order parameter has alroady ter-
minated at T = . However, In this weak coupling pa-
rameter regime, T, 15 a supralimearly lncreasing T tion
af I7, so It may be that In the Inhomogenesus systen,
il gltes with larger I7 prodsce a nonlisear enhaneement
relative to Te of the homogemeos system and, through
il proximity effect, drag the I7; = (0 sltes along with
1l
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