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The antiperovskite structure class Aes Pna Pnp of alkaline earth (Ae = Ca,Sr,Ba) pnictides (Pn =
N,P,As,Sb,Bi) compounds has been shown by Sun and collaborators® to harbor topological insulating
phases. We provide a density functional based survey of this entire class of 3 X 5 X 5 compounds,
determining first the relative energetic stability of the distribution of pairs of Pn ions in the A
and B sites of the structure, then analyse the electronic structure and topological characteristics of
those stable structures. Taking advantage of inversion symmetry, the Z5 topological invariants are
obtained from the parity of the occupied bands at the time-reversal invariant momenta (TRIMs).
The effects of spin-orbit coupling and strain on the topological nature are described. A case study
of CasBiP including the effect of strain illustrates how a topological semimetal can be transformed
into topological insulator, producing the topologically protected surface state, and also into Dirac
semimetal, where the Dirac points are protected by the crystal symmtery.

PACS numbers:

I. INTRODUCTION

Topological insulators (TIs) have an entanglement of
valence and conduction bands that must become disen-
tangled at an interface to vacuum (i.e. at a surface),
giving rise to topologically protected gapless, conducting
surface states. There are three primary classes of Tls. A
two dimensional Chern insulator, which has magnetism
(broken time reversal symmetry) and an associated inte-
ger Chern number, displays a quantized quantum anoma-
lous Hall conductance. In three dimensions (3D), a Zs
topological insulator (TI) is characterized by a Zs index,
while a topological crystalline insulator (TCI)? is char-
acterized by a mirror Chern number. Both have gapless
edge states, protected by either time-reversal symmetry
(former) or mirror symmetry (latter), providing a quan-
tum spin Hall (QSH) character. In 3D, a Z, strong and
weak topological insulator is distinguished from a normal
insulator by four independent Zs invariants vg; vivorg. If
vo = 1, it is a strong topological insulator (STI); if vy = 0,
it could be a weak topological insulator if one of the rest
of the v are non-zero, otherwise it is a trivial insulator.

To date many structural classes of topological insula-
tors have been discovered, including HgTe*, Bi;_,Sby
alloy®, BisSes and SbyTes family,6 8, Sr3Biy?, and
others.!? Some, for example, HgTe and a — Sn (gray
tin) require strain to induce a topologically non-trivial
energy gap, while others, like BisTes, BisSes and SbyTeg
are STIs with rhombohedral structure, yet all follow the
band inversion mechanism. Experimental methods like
angle resolved photoemission spectroscopy (ARPES) and
scanning tunneling microscopy (STM) are used to iden-
tify the topological surface states. Currently, there are
more than thirty TI materials'? that have been addressed
experimentally, including Bi;_,Sby alloy®, the first 3D
topological insulator to be verified experimentally.

In spite of these many classes of TIs, the search for
new classes of T1Is continues. One important factor is that
most existing TIs are defective and not insulating enough

in the bulk to allow study of their surface bands, or to
consider the applications that seemed to be promised for
TIs. One recipe for finding new TIs is to look for in-
sulators that have valence bands and conduction bands
with opposite parity and with small or negative gaps. For
very small gap materials, the bands may be inverted by
spin orbit-coupling (SOC) leading to insulating gaps that
may house topological states. In this case the band gap
(without SOC) must be small enough for band inversion,
while large enough to have application at room temper-
ature. The other possibility is to have a band overlap
semimetal (before SOC), with a gap opened at the Fermi
level by SOC. In both cases the strength of SOC governs
the magnitude of gap that can be obtained. This real-
ization has focused attention on heavy atoms with large
SOC.

Here we consider in some generality pnictides with
the antiperovskite structure, for which some examples
have been suggested to be potential topological insula-
tors. Certain oxides, for example the alkaline earth based
Sr3PbO, have been calculated to be TCIs,!! while the
monovalent based nitride CuzPdN is calculated to be a
topological node-line semimetal.!? Bismuth and nitride
based antiperovskite compounds! as well as cesium and
iodine based perovskite compounds'3 have been proposed
to be STIs under the application of strain. Yet many an-
tiperovskite materials are found to be just topologically
trivial.

Motivated by these findings, we have carried out a
survey on the entire class of 3 x 5 x 5 alkaline earth-
pnictide antiperovskite compounds, viz. AesPnsPnpg,
where Ae = Ca, Sr,Ba and Pna, Png = N, P, As, Sb, Bi,
using first principles density functional theory (DFT)
methods. The conventional ordering of elements Ae,
Pny, and Pnp follows that of a perovskite with general
chemical formula of ABO3, where the A cation is 12-fold
cuboctahedral coordinated and B is 6-fold coordinated,
surrounded by an octahedron of O anions. In the case of
antiperovskite AesPnaPnpg, Pnpg is inside the Aeg oc-



tahedron while Pny4 sits in the more open A site. Our
study shows that these cubic antiperovskite compounds
can be either trivial insulators or topological semimet-
als, and can be classified into three categories. The term
topological semimetal refers to three classes of topologi-
cal materials. First, a semimetal consists of electron and
hole pockets, or in other words, a negative band gap, with
non-zero topological invariant. Second, a semiconductor
with zero band gap that possesses non-trivial topological
phase. The gap could be opened by lowering the crystal
symmetry. Third, a Dirac/Weyl/Nodal-line semimetal,
where chiral edge states emerge by breaking either time-
reversal symmetry or inversion symmetry. Throughout
this paper, we use the term topological semimetal to re-
fer to the first and second types. By applying uniaxial
strain along certain directions, some topological semimet-
als transit into a topological insulating phase.

II. THEORY AND METHODOLOGY

A. Band inversion mechanism
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FIG. 1: Schematic diagrams show the relation between topo-
logical surface states and band inversion. (a) Bands with
opposite parity (indicated by blue and red) are inverted by
spin-orbit coupling. (b) Surface states formed by ‘connecting’
the bands with similar parity. (c) Ideal topological surface
states protected by the time-reversal symmetry.

The band topology of TIs is characterized by band in-
version. A schematic diagram in Fig. la explains the
band inversion mechanism behind the topological insula-
tor. For an insulator with a small band gap, as the SOC
strength increases, the band gap closes and the bands
touch each other until they eventually overlap. Since
SOC also lowers the symmetry, the degeneracy at the
band crossings will be lifted. If an insulator has opposite
parity for valence and conduction bands, the bands could
be inverted and this results in a topologically non-trivial
phase.

When these inverted bands are projected onto a surface

contacting with a (trivial) insulator or vacuum, topolog-
ical surface bands could be formed on the surface with
band dispersion crossing the bulk band gap (Fig. 1b).
These topological surface states (Fig. 1c) are protected
by the time-reversal symmetry:

ek, 1) = e(=k, 1) (1)

The analysis of the band topology can be made by
calculating the Z5 topological invariants. For systems
with inversion symmetry, Fu and Kane!? showed that
the topological invariants can be deduced from the par-
ity eigenvalues of the occupied bands at time-reversal in-
variant momenta (TRIMs). There are eight TRIMs in
a 3D cubic system at I" : (000), X : (100), (010), (001),
M : (110), (101),(011) and A : (111).

B. Methods

To study the electronic structure of the Ae-Pn antiper-
ovskites, a first principles DFT method is used within
the generalized gradient approximation (GGA) exchange
correlation of Perdew-Burke-Ernzerhof-1996'¢ imple-
mented in the Full-Potential Local-Orbital Minimum-
Basis (FPLO)!7 scheme on a k-mesh of 20 x 20 x 20. The
full relativistic band calculations for SOC implemented
in FPLO are performed by solving the four-component
Kohn-Sham-Dirac equation.

III. ANALYSIS OF RESULTS
A. Cell volume and energetic stability

A cubic antiperovskite AesPn 4 Png structure!® (space
group Pm3m) has an AegPnp octahedron, with Pna
surrounded symmetrically by eight octahedra, as in Fig.
2a. Thus positions of cations and anions are interchanged
compared to the large class of perovskite oxides. For the
cubic (undistorted) structure, the equilibrium lattice con-
stant has been obtained for all 3 x 5 x 5 combinations.
These results and the following data are presented in Ta-
ble I. First is a comparison of the energy difference upon
interchange of the two Pn ions. It is always the case that
it is energetically favorable to have the smaller Pn ion in
the Pnp octahedron position. Energy differences, which
range from 0.2-4.3 eV, are largest when N is one of the
ions, and the magnitude of the difference increases with
difference in atomic number of the anions. These trends
can be understood from classical Coulomb energies from
formal valences. If the smaller anion is surrounded by the
cation octahedron, the distance of separation between the
anion and cation is smaller, leading to larger Coulombic
attraction and a more stable state.



TABLE I: Data on the complete class of AesPnaPnp antiperovskites. a(A) gives the optimized lattice constants in A.
AE = EgcspnsPng — FAesPngpn, Provides the energy difference in eV. Since this energy difference is antisymmetric across
the diagonal, the energy differences are only shown in the lower left triangle for the stable phase (the smaller Pn ion is always
Png). 4 and £5°¢ give the band gap (without and with SOC) in eV; of either a small positive or negative (negative indirect
band gap) value, with an exception of a few with bands crossing at the Fermi level or gapless states (represented by SM for
semimetallic or M for metallic state). Only the vy Z> index is provided, because all 11 23 are zero. Values in bold indicate a

topological semimetal state.
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(b) Band structure and density of states of cubic CazBiP.

FIG. 2: (a) Antiperovskite structure of CagBiP with tetrag-
onal compression of 5% along (001), space group becomes
P4/mmm. Ca atoms become two nonequivalent atoms (blue
and green). (b) Band structure and density of states of cu-
bic CasBiP (without SOC). P 3p bands occupy the lowest
valence states, while Bi 6p bands occupy the highest valence
states. Ca 4s and 3d bands occupy the conduction states and
seperate the valence states by 0.2 eV.

B. Electronic band structure

The electronic structure and DOS of a representative
compound, CagBiP, shown in Fig. 2b, reveal that the

smaller Png p bands lie lower than the Pn 4 p bands,
making the latter ion the one of interest in determin-
ing the band gap (or not) and subsequently the topo-
logical character. Both p bands have 3-fold degeneracy
at T' point. In the conduction bands Ae d bands ap-
pear, along with some “free electron like” bands that
have no majority orbital character. To understand the
ordering of the cation d-characters at I' point, the fat-
bands of Ca located at (3, 1,0) are plotted in Fig. 3. Ca
dzy and d.2 have orbital density pointing towards four
nearest Bi ions and two nearest P ions respectively, so
their orbital energies are close and higher than the rest.
On the other hand, d;>_,2 orbital lies lowest in energy
as its orbital density does not point towards any nega-
tive ions, and seperates the highest d band by 2.8 eV.



This value changes to 3.6 eV and 3.3 eV by replacing Ca
with Sr and Ba respectively. The d,, and d,. orbitals
of Ca on & — y plane are symmetrically related so their
eigenvalues are degenerate and lie between the other non-
degenerate bands. The Pn 4 p bands mix with the Ae d
bands around the I' point, with a substantial band gap
throughout the rest of the zone. Notice that the conduc-
tion band minimum at I" point consists of a mixture of
various s characters, where about half of it contributed
equally from the three Ca 4s, a quarter of it come from
the Bi 6s and one-tenth of it supplied by the P 3s. This
extended S-like state is important to the band inversion
(see section IIIC).

Pressure increases band widths by increasing the in-
teratomic hopping amplitudes. A band gap will decrease
with a smaller volume, ultimately leading to a zero gap
and band inversion. If the gap is zero or negative, the
effects arising from relative energy shifts and increased
mixing will be more involved. Since the heavier an-
ion provides the states at the valence band maximum
and larger pnictides have larger SOC strength, if the
band gaps are small, zero, or negative, this antiperovskite
structure is favorable for producing TT phases. However,
because the inverted bands at I' have double degeneracy
other than the spin degeneracy, the parity is still even!®.

Focusing on the energy band gap e, of those stable
compounds (bottom left diagonal of Table I), most of
them show a small positive band gap, which is a good
sign for topological insulator as the bands could be easily
inverted by SOC, while some exhibit a small negative
indirect band gap, which could be easily opened up by
strain.

C. Topological analysis

The Zs invariant vy determines the topological nature
of an insulator, and for inversion symmetric crystals, the
parity criteria proposed by Fu and Kane'* determine the
topological character. Specifically, the sum of the parities
d; at occupied states at the TRIMs determine one of the
Zg invariants vg:

v =11 @

As shown in Table I, the electronic structure (Fig. 4)
and topological nature of these compounds can be classi-
fied into three categories: I) a small gap with a topolog-
ically trivial phase (e.g. CagBiN in Fig. 4a), II) valence
band maximum (VBM) and conduction band minimum
(CBM) touching at T" point with a Z5 index of 1;000 (e.g.
CasBiP in Fig. 4b), III) possesses electron and hole pock-
ets along high symmetry lines with Z5 index of 1;000 (e.g.
Sr3BiP in Fig. 4c). For the first type, the band inversion
does not occur with SOC turned on, but the addition
of proper strain could invert the band ordering to pro-
duce a topological insulator. Sun et al.! claimed that
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(c) SraBiP - topological semimetal with hole pockets.

FIG. 4: The Ae-Pn antiperovskite compounds can be clas-
sified into three categories based on their electronic struc-
ture and topological invariants. Electronic band structure of
CasBiN, CasBiP and Sr3BiN are used as an example for each
category.
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FIG. 5: Even though 7% tetragonal stretching distortion in
the ab plane inverts the band ordering of CazBiN, there is no
bulk band gap as shown in the band structure.

TABLE II: Product of parity eigenvalues of the six occupied
states at TRIMs indicates a 1;000 STI.

TRIM|T (000)|X (100) x2|Z (001)|M (110)|R (011) x2|A (111)
5 - - - + + -

CazBiN can be a topological insulator with 7% tetrag-
onal stretching distortion in the ab plane, however, our
calculation suggests otherwise. The band structure simi-
lar to the Fig. 3(c) in reference! is plotted in Fig. 5 with
a complete high-symmetry k-points. It is obvious that
the CBM along I' - Z and the VBM along I' - X hap-
pen to be at the same energy level, so there is no bulk
band gap. For the second and third types (highlighted
in bold in Table I), the band inversion is induced by the
SOC, as heavy elements like bismuth supply strong SOC
effect'®, however, it does not open up a gap, leaving the
system to be in a topological semimetallic phase. Since
lowering the crystal symmetry lifts degeneracies, shifts
bands and therefore can open up gaps, it is possible to use
strain to induce a transition from topological semimetal
to topological insulator, provided that the band overlap-
ping (especially for type III) is not greater than the effect
of SOC.

A case study of CagBiP is used to demonstrate the
role of spin-orbit coupling and strain play in the band
inversion picture for the second and third class of Ae-Pn
antiperovskite compounds. Fig. 6 shows the schematic
energy level diagram of CagBiP at the I' point. For cu-
bic CagBiP, the valence states seperate the conduction
states by a small energy gap of 0.2 eV. At the I" point,
the valence bands comprised of Bi 6p characters and P
3p characters have negative parities, while the extended S
(ext S)-like character at the conduction band minimum
has a positive parity. Since Bi has a strong spin-orbit
coupling effect, the band ordering is inverted by push-
ing the extended S character below the top of the Bi p

valence band. This band inversion mediated by strong
SOC effect of Bi is also observed in the cubic perovskite
YBiO3!?. However, in the case of cubic antiperovskite
CagBiP, it does not open the band gap, resulting in a
topological semimetal phase. With a tetragonal com-
pression of 5% along (001) in addition to the SOC, the
degeneracy is lifted and a small band gap of 34 meV is
produced while maintaining the inverted band ordering
as shown in Table II. The strain does not violate the
inversion symmetry, but merely split the degeneracy of
the I'g band at the Fermi level into two sets of Kramer
doublets, with odd parity below the Fermi level and even
parity above the Fermi level, so the parity eigenvalues are
unchanged. This mechanism is similar to that of & — Sn
and HgTe topological insulators'%14,

The transition from the topological semimetal state to
a topological insulator can also be realized by compress-
ing the lattice parameter ¢ by about 1 — 7%, which is
equivalent in symmetry to expanding both lattice param-
eters @ and b. As shown in Fig. 7, a small energy band
gap with SOC is produced within this range, with a max-
imum gap of only 40 meV occuring at 3% compression.
The band parity remain odd within this range, but goes
back to even at 8% compression. On the other hand, uni-
axial expansion along the c-axis opens up a gap except
along k., where a Dirac-like bands crossing occurs, pro-
ducing a topological Dirac semimetal (Fig. 6 (f)). This
will be addressed in detail in section III E. However, not
all direction of strain application will open up a gap. For
example, applying unaxial strain along (111) direction
does not open up a gap, because the Bi p;, p, and p,
characters still remain equivalent.

The role of each element in the antiperovskite com-
pounds is studied, using Ca3zBiP as an example, by ex-
amining the eigenvalues at T' point (Fig. 8). Switching
the Pn,4 elements does not change the relative position
of the eigenvalues of valence p bands and conduction d
bands, however, the extended S (ext S)-like character,
which plays a crucial role in the band inversion, varies
within 0.5 eV above the Fermi level. The closer the ex-
tended S band near the Fermi level or the larger the Pn 4
element, the smaller the strain and SOC required to in-
vert the band ordering. Using the examples in Fig. 8a,
CagBiP needs only SOC to invert the band ordering and
as small as 1% of uniaxial compression to produce a topo-
logical insulator, while CagAsP requires at least 8% of
strain to turn into a topological insulator.

Even though the Pnp p bands lie at the lowest valence
state, its influencial on the eigenvalue of extended S band
is indelible. As shown in Fig. 8b, the eigenvalue of the
extended S band decreases monotonically with increase in
size of the Pnpg element. With element heavier than P in
group 15, the band inversion has occured without SOC.
Expanding the size of the Ae elements also brings down
the extended S character and narrows the gap between
the top and bottom valence bands (Fig. 8c).
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FIG. 6: Upper panel: Schematic energy diagram of CasBiP at I' point (a) without SOC, (b) with SOC, (¢) with compressive
strain and without SOC, (d) with 5% compressive strain and SOC, (e) with 1% expansive strain and without SOC and (f)
with expansive strain and SOC. Ultra-fine, fine and thick lines represent 1-fold, 2-fold and 3-fold degeneracy (not including
spin degeneracy) respectively. Ext S represents extended S-like state (see text). Lower panel: Band structures along X — T" —
Z with irreducible representations given (in Bouckaert-Smoluchowski-Wigner notation) at the I' point.
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ping parameters using ab-initio method?"22. We then
construct a semi-infinite system and the surface spec- FIG. 8: Eigenvalues around the Fermi level at I" point with

trums are calculated using the iterative surface Green’s different elemental substitution in Ca3sBiP (without SOC).
function method23:24 with a tight binding hopping cut-off The degeneracies are constrained by the cubic symmetry.

of 4 unit cells. As shown in Fig. 9, the topological surface

states terminated on (001) and (100) surfaces have gap-
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FIG. 9: Energy and momentum dependent spectral density of
a semi-infinite crystal of (001)-compressed CasBiP terminated
on (001) and (100) surfaces. Warmer colors represent higher
intensity. All have surface bands crossing the bulk band gap.

less surface states within the bulk band gap. Both sur-
face projections have about the same energy bulk band
gap, which is about 30 meV. The surface on (001) has
topological surface bands connect the valence and con-
duction states, while the topological surface bands cross-
ing the bulk band gap on (100) surface enclose a single
Dirac point. These topological surface states are similar
to those observed in BisTes, SboTes and BisSesb.
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FIG. 10: Upper panel: Band structure of CazBiP with tetrag-
onal expansion of 1% along (001) shows a Dirac point along
k.. Lower panel: Band dispersion in the plane passing
through the Dirac point (0,0,ko), where ko = 0.023 A~1. Both
with SOC.

E. Topological Dirac semimetal

Expansion of lattice parameter ¢ of CagBiP by 1 -
5% also lowers the crystal symmetry while maintaining
the band inversion, but it does not produce a topolog-
ical insulator. The calculated band structure of (001)-
expanded CagBiP as shown in Fig. 10 displays a gapped
band structure except a band crossing with linear disper-
sion and 4-fold point degeneracy (including spins) along
I' — Z. This accidental band crossing is a signature of
a quadrupole Dirac points, and is unavoidable as the
bands have different irreducible representations, i.e. I'g
and I'7, as characterized and protected by the Cy, rota-
tional point group symmetry.

Probing the surface state on (100) surface shows topo-
logical surface bands crossing the projected bulk band
gap of about 20 meV (Fig. 11). The Fermi surface ex-
hibits two non-trivial Fermi arcs touching at the Dirac
points (0,0,4+kg) protected by both inversion and time-
reversal symmetries. This single pair of Fermi arcs con-
necting two Dirac points, like the Fermi arc connecting
Weyl points in a Weyl semimetal, is possible to exist as
a Dirac point can be treated as two Weyl points with op-
posite chirality, which in this case do not annilate each
other since the degeneracy is protected by the crystal
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FIG. 11: (a) Energy and momentum dependent spectral den-
sity of a semi-infinite crystal of (001)-expanded CasBiP termi-
nated on (100) surface. (b) The corresponding Fermi surface
shows two half-circle Fermi arcs connecting two Dirac points
along k..

symmetry.

This Dirac semimetal, like the rest, are protected by
the time-reversal and inversion symmetries. Breaking
one of these may create a single pair of Weyl points and
result in a Weyl semimetal. However, breaking one of
these symmetries is not an easy task. Firstly, the (anti-
)perovskite structure has high symmtery so breaking the
inversion symmetry can be difficult. Secondly, none of
the alkaline earth and pnictide elements are magnetic.
Applying magnetic field may break the time-reversal
symmtery but could be difficult as the compounds are
not susceptible to magnetism. Roughly estimate, 1 meV
change in energy requires at least 17 T of magnetic field.

IV. SUMMARY

Spin-orbit coupling and strain are important to the
topological nature of alkaline earth-pnictide antiper-
ovskite compounds. The electronic stuructures of these
compounds with SOC can be classified into three cate-
gories. First, one common class of the topological aspect
is that the electronic structure is gapped with a topolog-
ically trivial phase. Second, a zero gap semiconductor
with VBM and CBM touching at I' point with a Z3 in-
variant of 1;000. Third, a semimetal consists of electron
or hole pockets of maximum 0.1 eV energy and band de-
generate at [ point with a Z5 index of 1;000. Strain is
required to produce a topological insulator. While the
first type (e.g. Ca3BiN') needs both SOC and proper
strain to have band ordering inverted, the second and
third types (e.g. CagBiP and Sr3BiP) only need SOC
to induce the band inversion, giving a Z, invariant of
1,000, but in a topological semimetal state, whereupon
compressive strain may produce a transition to topolog-
ical insulator. On the other hand, expansive strain may
give rise to Dirac semimetals, where the single pair of
Dirac points is protected by the Cy, rotational symme-
try. With proper strain engineering, some may become
a promising topological insulator and Dirac semimetal,
as witness in our calculation on CagBiP and Sr3AsP an-
tiperovskite compounds.
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